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INEQUALITIES FOR INTEGRAL FUNCTIONS 
By J. CLUNIE (Imperial College, London) 
[Received 28 July 1956; in revised form 30 May 1957] 


1. Let y(r) be a real function with a continuous nth derivative for all 
large r. Let S be the class of integral functions f(z) satisfying 


M(r,f) = max|f(z)| <x(r) (\2| =r > 19) 
with r, fixed. Define 


A, (7) = ub. M,,(r,f) (fe 8S), 


where M,(r,f) = max|f™(z)| (|z| =r). 
Then, given x > 1, there is an infinite sequence of r such that 
A, (7) < m! «(e/n)"x(r). (1) 


This result was proved by Hayman (2) for n = 1, 2, and in a subse- 
quent paper he and Stewart (3) proved the general result. 

In this paper I shall prove the following related theorem. 

THEOREM. Jf y(r) is a real function with a continuous n-th derivative 
for all large r and f (z) is an integral function such that 

M(r) = Mir.) < x(r) 
for all large r, then, given x > 1, there is an infinite sequence of r such that 
M,(r) = M,(r,f) < «X(r). 

The proof of the theorem depends so closely on f(z) that it does not 
seem possible to extend it to show that the factor n!(e/n)" in (1) can be 
replaced by unity, as was conjectured by Hayman (2) in the cases 
2 == i, 2. 

2. Since the theorem is easily shown to be true for polynomials, we 
assume in all that follows that f(z) is not a polynomial. Let 


f(2= > a, 2” 
and write 


F(z) =Sexpe™), — (2) = Fa, exp(—v™™2)2", 
0 


“Ms 


where ¢ is an integra} function. 
If N = N(r,¢) is the central index of ¢(z) for |z| = r, then 


a, \exp(—v'")r” < |aylexp(—N™*)r¥_ (v = 0,1,2,...), (2) 


Quart. J. Math. Oxford (2), 9 (1958), 1-7. 
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2 J. CLUNIE 


|a, |r” exp(v!"") 
layir¥ ~ exp(N122) 


Now choose R < 1 so that 





and so (y == 0, 1, 2....). 


& (218 + log R)=0 
for x = N, i.e. iN-112-log R = 0. 
Then N = N(R, F), and from (2) it follows that 


la, |\(r Ry is exp(v!/12) Rv - 
Vv ° 1 ‘ 
jay |(rR)N ~ exp(N12)RN * ’ (3) 





and hence we get 
N = N(r,¢) = N(R, F) = N(rR, f). 

Take r, <r, <... to be a sequence of values such that r,—> 0 as 
vc. Let N, = N(r,,¢) and denote by R, the value of R such that 
HN, -12-+-log R = 0. 

Since N, > o as v > 00, it follows that R, > 1 as v > o and hence the 
sequence of values r, R, (= p,, say), which is denoted by 8, increases to 00. 
Unless otherwise stated O(1) and o(1) denote numbers which respec- 
tively remain bounded and tend to zero as p, > 00. 

We require several lemmas. The first two of these do in fact follow 
from a paper of mine (1), but as the results of this paper are not in a 
convenient form for quoting I have included proofs of them. 


Lemma |. If 0 >o > —N-™" then 
N-N7UB 


(E+, S,,,)ularl(eery” = o(1)Nee%e Mp), (4) 


0 
where q is a fixed positive integer and N = N(p, f), as p > 0 through the 
sequence B. 
Suppose that p = rR as in (3). Then 
N—N7/8 N—N?12 


X Mia, l(rerV/mle,S) < % wexpo")(Rer)" a(R, F), (5) 


where p(p, f ) denotes the maximum term of f(z) for |z| = p and similarly 
for p(R, F). It is not difficult to see that exp(x*) R* increases steadily 
till z = N and so, from (5), 

N-—N718 


2 v4\a,\(pe?)"/w(p, f) < N@Hexp(E™"?) RE/u(R, F), (6) 


where € = N—N72_ Since 


é112 in (NW —N7/12)1A2 = N112(] —HN-$12_ 1 N-56) + O(1) 
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and RE = exp(iiN+)R, 
we see that 
exp(£"12) RE/u(R, F) = exp{—3,.N2+ 0(1)}. (7) 
From (6) and (7) it follows that 
N—N/10 


p v4 \a,\(pe?)”/u(p, f) = O(1)N*exp(—3,N"*) 
= O(1)N%*exp(—3, N+ N™3+ log N) 
= 0(1)N%2, (8) 
For the second sum in (4) we have, from (3), 


oo 3N © 
wy Denna tel(reY ale.) < (St & explo) pe")"/u(R, F). (9) 
Since exp(x" 1?) R? decreases steadily from 2 = N and o < 0, the first 
sum on the right-hand side of (9) is less than 
(3N))2+4e%exp(€™”) RE /u(R, F), (10) 
where é = N+ N72, Now 
giz — (N+4+N72)un2 — N12] + 4-812 J N-56) 4 Q(1) 


and RE = exp(—}}N!) RY, 
and so exp(é™2) RE/u(R, F) = exp{—},N™"*+ 0(1)}. (11) 
From (10) and (11) the first sum on the right-hand side of (9) is less than 
O(1)N%e*exp(—3,N"+-log N) = 0(1) Ne", (12) 
Let h(x) = 2412+4-zlog R, 
and we get h(v) = h(N)+ | (v—£)h"(€) dé 
N 


since h'(N) = 0. Hence 


h(v) = h(\N)—4 | (v—£€)€-1912 dé 
N 


and putting € = vy we obtain 


h(v) = h(N)— {v2 | (1—n)y-182 dy. 
Niv 


— 


If v > 3N, then we have $ 
h(v) <h(N)—ggv'™* [ (1-9) dy <h(N)—fy™™*, (18) 

1/3 
From (13) we see that the second sum on the right-hand side of (9) is 
less than 


eNo > vlexp(—jv'U2) = O(1)eN* = 0(1)Nee%", (14) 








i 
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4 J. CLUNIE 
From (9), (12), (14) and the fact that u(p, f) < M(p), Lemma | follows. 
Lemma 2. Jf 0 >o > —N-™ and q is a fixed positive integer, then 
with |z| = rand N = N(r, f), 
N+NV2 
> {rx(v—1)...(v—q+ ler? —N%e*}a, 2” = 0(1)N%N°M(r) (15) 
N—Nima 
as rf >. 


We write the sum in (15) as 


N+N7/18 N+N7/12 c 
> {r(v—1)...v—q+1)—Ne""a, 2”4+-N4 (e-7—e**)a, 2”. 
N-N? 12 N-NU6B 
(16) 
From Cauchy’s inequality the first sum of (16) is less than 
N+N7/22 a 
> {v(v—1)...v—q-+1)—Naje**]'| > a, |)". (17) 
N—-NUH 0 
The first factor of (17) is less than 
N+N718 
exp((N—N*")o}{ S (#—N24-O(1)Ne-1y2\* 
NN 
on O( 1 yeXo(N? 12 2q-5/6)4 
= O(1)N-®NaeNo 
= 0(1)N%2, (18) 
where O(1) and o(1) refer to r + 0, and hence to N >. Also 
a 1 27 
> |a,|*r” = = | if (ret) |? dd < M%(r). (19) 
0 “7 
0 


From (17), (18), (19) we get 


N+N7/18 


= >, {v(v—1)...(v—q-+-1)—N%}e""a, 2” = 0(1)N%eN°M(r) (20) 


as r—> 00. 
The second sum of (16), by Cauchy’s inequality, is less than 


N+N7/2 


T¢ vo No if< v]t é 
v2 t fe es | > ja, 27] . (21) 
The middle factor of (21) is 


N+N7/"8 


evel SIP] = O(l)eNo{N712(N712V-1213)24 
= O(1)e%o(N2/12-24/13)¢ 
= O(1)eNeN-5104 


= o(l)eXe, (22) 
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where O(1) and 0(1) refer to r > 00, and hence to NW > oo. From (19), (21), 
(22) we see that 
N+N7/12 


Na p (e°?—eN?)a, 2” = o(1)N%eNe°M(r) (23) 
- N-NV2 
as r > 00. 
Lemma 2 follows from (16), (19), (23). 
LEMMA 3. Given any « > 0 and any positive integer n, there is an 
infinite sequence of r such that 
rM, (re?) 
Ne**M(r) 
for 0 > 0 > N-1*13, where N = N(r, f). 


Consider the expressioiT 


s v(v—1)...(v—n+ 1)a,(ze7)”-- NaN s a,2” 
0 0 


l—-e< l+e (24) 


N-—N7/18 oo 
= ( 2. oe oe 1)...o—n+1)a, (ze) — 
N-N7/19 ES 
a NveNe v 
( 2 + dial sity + 


N+N 
+ p2 {v(v—1)...(v—n+ 1)e"?-—Ne*}a, 2”. (25) 
N-Nys 

From Lemma 1 we see that, if |z| = r is a sufficiently large member of B, 
then each of the first two sums on the right-hand side of (25) is less than 
jeN"eNOM(r). (26) 
Also, if |z| = r is sufficiently large, then, by Lemma 2, the last sum on 

the right-hand side of (25) is less than 
eN"2No Mr). (27) 
From (26) and (27) it follows that for all sufficiently large members of B 
we have 


¥ v(v—1)...(v—n-+ Na, (2e°)” —NeXe F ae 2” 
0 


' @ 


<eNeN*M(r). (28) 





If we now choose z so that 
| > v(v—1)...(v—n-+ 1a, (ze*)” 


then (28) gives 
r™M, (re?) —NeX°M(r) < eN"eX*M(r), 





= r™M, (re), 





6 J. CLUNIE 





which is equivalent to the right-hand inequality of (24). Ifz is chosen so 
that a 
| p a, 2”| = M(r), 
then (28) gives 
N"eN?M (r)—r"M,, (re?) < eN"eN*M(r), 
which is equivalent to the left-hand inequality of (24). 
Thus Lemma 3 is proved. 


Lemma 4. If « is a fixed (positive) number then 


lim inf —! _ 7 } (r—p)"—"M,,(p) dp/M(r) = 


To (n— 


Let r be a value for which Lemma 3 holds. Then 


r 





1 
any (r—p)"M, (p) dp 
J rexp(—N~12/13) 
(l+e)N"M(r) se N 
as a (r—p)""(p/r)* dp 
rexp(—N~ 2/18) 
<i +e)N"M(r) Nin 
gntn (N+1)...(N +n) 
< (1+«)M(r). (29) 


Also, from Lemma 3, 
rexp(—N~ 12/15) 
(r—p)"-*M,,(p) dp 


(1+) N*M(r) 
~ (n— lire n 


(n—1)! 





exp(— N13) | (r—p)"-1 dp 
0 





< C+ 9 Nrexp(—N™)M(r) 


< «M(r), : (30) 


ifr is taken large enough. Therefore, from (29) and (30), for all large r for 
which Lemma 3 is true, we get 


ain j (r—p)"-"M,(p) dp < (1-4+-2¢).M(). (31) 
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Further 


f= 





-10 
rani { (e—or-om(g) ag an t+. + $00), 
in which the integral is taken along a radius joining the origin to a point 
of |z| = r, where | f(z)| = M(r). Using this expression we obtain 


M(r) < wi | (r—p)"-1M,(p) dp +O(1)r"-4 (32) 


as roo. From (31) and (32), Lemma 4 follows. 


3. Suppose the theorem false. Then there is an integral function f (z) 
and a real function y(r) with a continuous nth derivative such that, for 


all large r, M(r) <x(r), | 


and such that for some » > 0 we have 
M,(r) > (1+-)xX(r) 
for r > ry. Hence, for r > ry, 


= | (r—p)"-“M, (p) dp > iy ain a (r—p)"*1™(p) dp 


> (14. n)x(r)—O(1)e"- : 
as roo. Therefore for this function f(z) we get 


liminf i} (r—p)"-1M,(p) dp|M(r) 


> lim inf (1+-y)x(r)/M(r) > 1+-n. 


This contradicts Lemma 4 and so the theorem is true. 
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THE GROUPS zAVim) (II) 
By G. F. PAECHTER (Ozford) 


[Received 20 November 1956] 


Introduction 

Tuts is the second of a sequence of five papers, the first being (4), in 
which I calculate certain homotopy groups of the Stiefel manifolds V, ,,. 
The present paper contains the calculations of those 7,(Vj,,,3) which are 
given in the following table. There zf,,,, denotes 7, .,(Viermm), Z, a cyclic 
group of order q, and + direct summation. Alsos > 1.¢ Inthe Appendix 
I examine the homotopy type of certain reduced projective spaces P} 
which are required in this and the subsequent papers. Please note that 
paragraphs are numbered consecutively throughout the whole sequence 
of papers, §§ 1-5 being contained in (I), §§ 6-7 in (IT), § 8 in (IIT), § 9 in 
(IV), and §§ 10-13 in (V). 


TABLE FOR zf 5f 


k p=1l1 p=2 = 3 p=4 p=5 p=6 p=7 
l 0 Zet+Ze ZytZy Z,+Z, ZistZiyp 2Z,+Z, Z,+Z, 
3 0 LatZu Zy ZatkZ, ZatLZue 
t  Zy+Zy Zyt+Zy ZotZytZy 244+-2Z,+2Z,t+2Z, Zy4+Z,+2Z,+2Z, 
5 Ly LytLu ZatZetZ, LetZatZs Zn 
8 Z, Z, Ziyg+Zy 4, Za+Z, 
Ot 3 S28 Gae Ze Zn 
4s+1 Zy ZetZa ZytZetZy La+Ze Ze 
48 2,42, Ze4+Z, Zu t% Z,+Z, 2, 
40+2 Ze fp Ziut2Zs Zy Z, 


6. The construction ‘Q”’ 

In§ 7.1, I shall for the first time make use of the following construction, 
which is isolated here for easier subsequent reference.§ 

Let r > 1 andr = 1 (mod 2), Let S{ and Sj be given in R'+! by the 
respective equations 

Mteit.. +e =1, x +af+...+20? = 1. 

Let S’-1 = Sin 83, Q = S{U S5. 
For i= 1 or 2 let E7, and Ef_ be the hemispheres of St for which 


u 
respectively x, > 0 and z, < 0, oriented in accordance with ST and in 
+ For a full table of results and for references see (4) 249. 
t Since 72m = 7?2mn'-1 by Theorem 4.2 (a), the values of 72; are obtained with 
those of 7?j* in the third paper. 
§ This is essentially the construction on p. 270 of (7). 


Quart. J. Math. Oxford (2), 9 (1958), 8-27. 
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such a way that EZ}, and £}., induce opposite orientations of S*-!. Thus 
the radial projection S}-—> S{ is of degree —1, and (£1, U £j,.) and 
(Z{_ U £3_) are both oriented r-spheres. 

Clearly 7,(Q") = 0 if s <r. Hence by a theorem due to Hurewicz 
[(3) Theorem 1] there is an isomorphism 7,(Q") ~ H,(Q"). Thus, if 
24, %, By, By, € 7,(Q"), 


are classes of the identical maps of 
Sj, Sz, (Bi, U £34), (Hi ¥ B3_), 
then we have that +a = B+. 

Now let f;: S|-> X (i == 1, 2; X r-simple) be symmetric maps which 
agree on S’-!_ Let 

h,: (BY, U Bh,.) > X be defined by h, = f; on Ei, 
hy: (EU_ U Ef_) > X be defined by h, = f; on E7_. 

Let H: Q’ > X be defined by /, on (Zj., U £3.) andh, on (#{_ U £3_). 
Then H induces a homomorphism H,: 7,(Q") > 7,(X), and H, a, = {f;}, 
H, 8; = {h,}. But {h,} = f{h,} = fh}, say, since the f; are symmetric maps 
and r = 1 (mod 2). Hence we have 

{f+{fa} = 2th}. 

Together with this construction we need the following theorem on 
symmetric maps of spheres. Let S’, P’-1, and u,_, be defined as in 
§ 2.3 (c), uz3,(P"-) being the equator of S’. Then we have 

THoREM 6.1. No symmetric map f: S* > S*-* is essential unless 
r = 3(mod4). If r = 3 (mod 4) and fu;),: P’-! > S'- is essential, then 
f is essential. 


For the proof see J. H. C. Whitehead (7) Theorem 7. 


7. Calculation of 7?3T 
We consider the fibring Vj,,33/V.+22 ~ S**®, and examine the sequence 





(B) > mpepealS**#) —A8> py Bee py PEP, wy, ( SHB) >, 
7.1. k = 1(mod 4). In this case there is a two-field on S*** (2, 5) and 
so the fibring admits a cross-section p. Hence Theorem 1.1 gives 
7h = t4 7h et+Pe Merp(S***). 
Using the values of 7f, as calculated in § 5.2, we obtain the values shown 
in the table for 7f,, when k = 1 (mod 4). 
+ For the notation used see (4), especially §§ 2 and 3.1. 








10 G. F. PAECHTER 
Note that, by Theorem 1.2 and Corollary 1.5, we have 
{tyi33} = 0 fork = 1 (mod 4). 
7.2. k = 3 (mod 4) 
(a) When p = 1, (B) gives 


Phos * Yeyae k+2 
—_- Ty +9(S***) Tsai beg Th Ban coe) Ths — Tei (S +), 


i.e. +> Z,> Z,>7h3> 9, 
by § 5.2 (6). But i¢3,4(0) 4 0, for otherwise we should have a cross- 
section in the fibring by Theorem 1.2, and so a two-field on S*+*? which 
is impossible (2, 5). Hence iz},4(0) = 7.2, and 
Th. = 0. 

Note that A, is onto, whence the image of p,,., is the Z,, subgroup 
generated by 2{h;,.2,42}. We also have from Corollary 1.5 that {t,.s3} 
generates i;},,(0). 

Hence {tessa} = {tesa ees 

(6) When p = 2, (B) gives 





at, T+3(S***) = the et, Ths =e, Tp+9(S***) >, 

i.e. > 2Z,7>2Z,>7337> 2.79, 
by § 5.2 (c) and since the image of p,,., is Z,. by (a). Also 

tg ton(0) = thsss%7%+2(S**), 
which is generated by 

hk+1e+alte+s,3} cere Res resoltesia Pyrat . {tesa Aaerads 
which is non-zero and of order two by § 5.2 (c). Thus 
7.3 = Z.+Ze, 
and is generated by i,,.,,4@ of order two, where 
Prvoin® = {hysrpsa}s 


and 6, of infinite order, which is such that py.3,46 = 2{hp.2449}- Note 


also that the image of A, = i;},,(0) is Z,, and thus that the image of 
Prigx 18 Zero. 


(c) When p = 3 and k > 7, (B) gives 


Pkias A a P. 
. Tp 4( S*+?) *, The ee 7h —, Te4g(S**?) “mm, 


i.e. + Z,> Z,4-Z,>7}3>0 
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by § 5.2 (d) and since p,,3, is trivial by (6). Also 
ig tse(0) = thiss%7e+3(S***), 
which is generated by 
hik+1x+s{te+s,s} se Resaesalesya hgxsat is {te saa(l2hy x +3)} = 0, by 5.2 (d). 
Hence iz ts4(0) = 0, 
and Ts = Z,+-Z,, 
being generated by {i,,,./¢%+3} and t,,914@, where 
Prsoie® = {huss pss}: 
Note also that since A, is trivial, p,.,, is onto. 
(d) When p = 3 and k = 3, (B) gives 


7* Ay * * 
Pe, ar_(S5) —*> why > hg 28> 1485) >, 


i.e. +> Z,—> Z,> m3 > 0, 
by § 5.2 (e) and since p,, is trivial by (b). Also ig'(0) = tes 7(S*), 
which is generated by 
Re oltes} = Ao elias Asa} = {ta1(6h5,6)} = 0, 

by § 5.2 (e). Hence tg (0) = 0, 
and m,=Z,, 
being generated by i;,,4, where p;,4@ = {h4.}. Note also that since 
A, is trivial, p,, is onto 7,(S°). 

(e) When p = 4 and k > 7, (B) gives 


Piss 


e+. y Ay 4 tesae 4 
——_——-—_-> Tp 1g(S*t?) o> Tee > Tk,3 > Tp +4(S*t?) =>, 





i.e. > Zy> Z,>7}h3> Z,>9, 
by § 5.2 (f) and since p;,.44 is onto 7, ,4(S***) by (c). Also 
te tax(O) = thsss%7e+a(S**), 
which is generated by 
Rest e+alterss} we Wes resaltesia Ayes} € te sare Me +a(S*) = 0. 
Hence iz} gs(0) = 0, 
and th has four elements. 


Note also that A, is trivial and that thus p,,;, is onto. 
To determine the structure of 7}, consider the sequence associated 


with the fibring Vig +2,3/S**-! > Vagsoes 


; A. 
1.0, > agp (S#-*) > WET} s > 7heg —> Merp-1(S") >, 
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which, starting at the term 7,,,,(S*~-"), is, for s > 2, of the form 


i + eh eee eg Sg 
by virtue of the results of § 5.1 and (c). But, since 7{,_, ; has four elements, 
we have, by working along the sequence from the left, that 

(i) Ag 7is2 = 27%4542(S*-*), 
(ii) Ay 7is2 = 7a541(8*"). 


We now operate with h* = {hy..o 45435 4ag+1,4s+2* On the portion 


A, 
> 4, —— M4 (S*) > 


of the above sequence to obtain the commutative diagram (Lemma 3.1) 


A, 
4 3 4s—1 3 , 
0 > 74s-1,3 > 7,2 —> T449(S**-!) > 74s—1,3 > 


he 


| 


A, 
= Tis,2 —> T4y54(S*-) > . 


A 
y 


By virtue of the above relations this takes the form 


As 
0 > wh,_13 > Zug t+Z. —> Zu > ZC 2.42, >0 
|m | 
A. 
> Z,4+Z, —> Z,>09. 
Using the result of § 5.1, now choose generators of 73,,, = Z,+ Zz, as 
A= tgthgsasia} ANd b= Pyfhyssr45+2}3 
and of 73,, = Zo4+2Z., as 
C= tgthasssss} ANd d = pyfhgssss5+3}- 
Then we have, by Lemma 3.1, that 
h¥a = Wi gthss 112} = ta his+2,49+3(asasrat = ba{12rgsag+a} = 12c, 
h*b = h* pg{has+140+2} = Pa his+2,40+3{hassr4c+2} = Palhassras+a} = 4. 
But either Aya or Ayb = {hys 4541}, Or both. 
Hence 
either h*A,a or h*A,b = 12{hg,_1 450}, or both, 
i.e. either A, 12c or Ayd = 12{hgs_1 4542} #0, or both. 
But, if 7{,_1,3 were Z,+ Z,, its (isomorphic) image in Z,,+-Z, would be 
generated by 12c and d. Then both A, 12c and A,d would be zero by 
exactness, which we have just seen to be impossible. 
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Hence 
ths = Z, when k = 3 (mod 4) and when k >7 
and is generated by an element a such that p,.314@ = {hy.2z44}- Note 


that it is A, d which equals 12{h,,_; 4..2} 4 0. 
(f) When p = 4 and k = 3, (B) gives 


Pp A, 
2, of. ot, Ss ahs Rk 1(S5) >, 


i.e. > Zy> Z,+Z, >; > Z,>0, 
by § 5.2 (g) and since p,, is onto by (d). Also 
tz (0) = tesa S*) = {ig ahsaha tS") = tyafhsa} (5%) 
C tog 7,(S*) = 0, by 5.2 (g). 
Hence 73,3 1s an extension of Z,,+-Z, by Z,. 
Note that A, is trivial, whence p,, is onto 7,(S*). 

There are now three possibilities for the structure of 7},: Z.+Zz, 
Z.+Z+-Z, Z.+Z,. I shall prove that it is the last by eliminating 
the other two. As in (e) we consider the sequence associated with the 
fibring V, ,/S* > Ves, ie. 


A, 
> ty ig(S8 Sue, abit 78S ap, —*> a7, .9(S3) >, 


which, starting at the term z,(S*), is of the form 


ee ae es, ee ee he Se 
by virtue of the results of § 5.1 and (d). Thus, working from the right, 
we have by exactness, that 
(i) Axis = 75(S°), 
(ii) tgo476(S*) = 9, 
(iii) Ay 72 = 76(S%). 
We now operate with hf; on the portion 


i 
—> 17,(S3) <> a3 > 


of the above sequence to obtain the commutative diagram (Lemma 3.1) 


ve Pe, 
i m,(S3) 4,2* nt, 6.2% ms nite 


[ne |m 


alae ‘gee ms Pe,ae : 
Thus ig on 77(S*) = tgon hn) = h*ig oy 76(S*) = 0, 


by (ii) above. Hence p, 94: 73,3 > 74,2 is a monomorphism. 
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Next we operate with h* = {h, ,,hs,.}* on the portion 
A 
>i, ——> m5(S*) > 


of the sequence to obtain the commutative diagram 





> hs SS aig —> me(S*) > 
i" I 
> mi, —> 2;(S3) >. 
By virtue of the above relations this takes the form 


je |v 


> Z,+2Z2,—— Z, > 9. 
Using the result of § 5.1, now choose generators of 77,, = Z,+-Z,, as 
a= ig{hy,} and b= pyths«}: 
and of the finite summand of z},, = Z.+2Z.+Z,, as 
c=, €f{h,,} and d= p,fhs, 3}. 
Then, as in (e), we have by Lemma 3.1 that 
h*a = h*igfhye} = in he r{hae} = 14 6Efhs6} = 6c, 


and h*b = h* pgfhso} = Pa herthso} = Paths} = 4. 
But either A,a or A, b = {hg}, or both. 
Hence either h*A, a or h*A,b = 6{hg 4}, or both, 
i.e. either A, 6c or A, d = 6{hs,} 4 0, or both. 


But, if 7$, were Z,..+Z,+Z,, the (isomorphic) image of its finite sub- 
group in Z,.+Z,.+Z, would be generated by 6c and d. Then both 
A, 6c and A, d would be zero by exactness, which we have just seen to 
be impossible. So 7, cannot be Z,,+ Z,+-Z,. 

Now consider the diagram, commutative by § 2.1, 


P A 
0 > m$3 —*> a}, —> m4(S%) > 0 


—> af, ~™S 2,(S*) —*> mg(S®) >, 


where the upper sequence is that of the previous paragraph and the lower 
that associated with the fibring V,,/S*-> S*. Then, in the notation of 








— 
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the previous paragraph, we have that 
A, 6c = A, 6t5,, Efhs6} = thon Ay 6Efhs 6} = thox 12{hs,6}, 
by § 5.2 (e), = 0. Assume now that 7}, = Z,,+Z,, and let 
G = Ti 2/Poox 7° 
We know that G is of order 12. For this to be so the image under pg» 
of the infinite summand of 7}, must be an infinite summand of 73,. 
However, d is of order 2, and we have just seen that A, 6c = 0. Thus 
G can have no element of order 12. Since we know that in fact G = Z,,, 
we have arrived at a contradiction. Thus 7}, cannot be Z,,+ Z,. 
Hence 733 = ZatZs, 
and is generated by 
15,1" P5,14(2Px{hz,7}—AEfhs }), 
where A is odd, _ a, of order four, such that p,,,@ = ths 7}. Note 


that 2a = i514 P51 6E{hs.6}. 
(g) When p = 5, and k > 7, (B) gives 


_Pk+ 5* 





> 1 46(S***) > aha > ahs > Ty 5(S**?) >, 
i.e. > 0 > 0 ny > Zy > 0, 
by § 5.2 (i) and since p,,,,4 is onto by (e). 

Thus ae, = Zy fork = 3(mod4) and fork >7 
and is generated by py-3s3,4{hy+2%45}- 

(h) When p = 5 and k = 3, (B) gives 

PH, (S*) > hy “> ahs > yl) —, 
i.e. -»> Z, > Z,> 733 > Zy > 9, 
by § 5.2 (j) and since p,, is onto by (f). Also 
igh (0) = tesa te(S*) = {igs haa} 7e(S*) = tgafhs.4} x 79(S*) 
C igy 7(S*), which is zero by 5.2 (7). 
Hence 733 ts an extension of Z, by Zy,. 


Note that A, is trivial, whence p,, is onto 7,(S°). 
To calculate the extension we consider the sequence associated with 
the fibring V,,/S* > ., which contains the portion 


* A, 
> hy "> mh —> (5?) > 
By virtue of the results in § 5.1 this is of the form 


a A, 
> af, > 84-5454 8, >. 
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Since 7, is of order 48, we see that p, is a monomorphism, whilst A, 
is onto. But it is impossible to map Z,, isomorphically into Z,-+ Z,+ Z,,. 

Hence , Ts = Z.+ Zoey 
and is generated by i; 14 P5,7« €{hs,;}, and a such that p,,4@ = {hss}. 

7.3. k = 0(mod2) and > 4. Our first task is to calculate 

{ty +3,3) t Th. 235 2.+Z. 
by § 5.1. We have by (iii) of § 2.4 (b) that t,,5.|S* = igsyatsgg; and 
by §5.1 that {t,,..}= 0. Thus we can extend t,,,,t... over the 
hemisphere E**! of S*+, and, since t, ,,. is a symmetric map [§ 2.4 (a)], 
we can extend it symmetrically over E**1. Denote this extension by 
g: S*kt+1 Up +1.4(S*) & Arts 
We now use the construction “Q”’ of § 6 with 
r=k+l, X=Nwe fh=theses Sh=9 

as defined above. Then we have that 


2fh} = {fi}+-{fe} = {te+a,a}+{9}- 
Hence 


Pr+2,1% 2{h} = Prroritess,s} +Prsoaxg} 


= 2fRpsresits by 2.3(6) and since {g} € i, 7,,,(S*). 


Thus 
Prsoreth} = lesres} 
and {h} = {Physresst+ixw, where we 7,,,(S*). 
Thus 2th} = 2fphysr pss}, 
whence {tessa} = 2{Phgsresst—{g}- 


7.31. k = 0 (mod 4). We have from § 7.3 that 


{tess} = 2{Phesrzrst—{g}- 
But g: S*+! + S* is a symmetric map by construction, and so is in- 
essential by Theorem 6.1. Thus 
{ty +33} = 2{Phpsress}- 
We are now ready to examine the sequence (B). 
(a) When p = 1, (B) gives 


Pkios 


A, vers 
Tp49(S**?) —— The esha hs > 1; +1(S*+*), 


i.e. > Z, > Z2,4-Z, > 73> 0, 


by § 5.1. Also i;,},4(0) is generated by {t,,35}, i.e. by 2{physi 441}, Which 
is twice the generator of the infinite summand. 
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Hence m3 = 2,+Z,, 


and is generated by {i,., 2h, 441} and {iz,o1 Phpsazsi}- Note that thus 
Ay *(0) = 0, whence p,.,54 is trivial. 
(6) When p = 2, (B) gives 





Prise - A, ty P 
————_——}> k+2 +2* a k+2*% ™ 
CLs +3 S + ) —- > Ths —_> 3 > Tp 9(S*+?) —, 
i.e. + Z,> Z,4-Z, > 73> 0, 


by 5.1 and since p,,o, is trivial by (a). Also 
te fee(O) = this.9% 7e+(S**), 
which is generated by 
Nie sak roltessa} = We sanse 2 Phe sa nsat = hi +1n+2{Phesr sat 
= {Php rrpithe hes era} = 0. 

Thus m7.3 = Z,+Zp, 
and it is generated by {i,.1 oh, 442} and {i,,9) Phyisps2}- Note that A, 
is trivial, whence p,.,34 is onto. 

(c) When p = 3, (B) gives 


A i 
ke+2 * kise 3 Prise 
T+ 4(S***) —> ah.g ——> m3 ——— Te i9(S***) >, 


Pkise 

i.e. > Z, > m}. > 73> Z, > 90, 
sin © Pp.gy is onto by (6). Also 

te tse(0) = ty .,9%7%+3(S**), 
which is generated by 

Nest ssitecsa} = Aksa ess {Phe est = Whsress(Phesest 
= {Pharr esta 2hesress} = 9. 
Hence ij-},4(0) = 0, and so 7}, is an extension of 73, by Z,. Thus, 
using the results of § 5.1, we have that 
7, is an extension of Z.,+Z, by Z, for k > 8; 

and 7, is an extension of Z,.+Z.4+Z, by Zz. 


Note that A, is trivial, whence p,,,, is onto. 

This time we make use of Theorem 2.3 (g) to calculate the extension. 
This gives that 7}. ~ m,.(Pk+?) since k > 4. It will be shown in the 
Appendix that P+? is of the same homotopy type as S* v P§*+*? when 
k = 0 (mod 4), where Vv denotes attachment at a point. Thus, by 
Theorem 3 of (9), we have that 

thes & tesg(S*)+- ap 49( PET) & Me 19(S*) + 7h 41,2 


3695,2,9 Cc 
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by Theorem 2.3 (g). But 741.2 = Z, by § 5.2 (c). Hence 
ms = Zut+Z, fork = 0(mod4) and > 8, 
and is generated by {i,,1,2/,x+3} and a such that 
Prsaix® = {hysen+s}> 2a = {ipso Phesiess}- 
Also tis = ZotZyt+Zy 
generated by {i;» phr7}, {ise €h,,}, and a such that p,,,@ = {he}, 


2a = {ig, phs,7}- 
(d) When p = 4, (B) gives 





Piss . As these 4 Pkyae k+2 
Sa 7. +5(S**?) ee Thee —> 13 > Ter a(S +5) >, 
i.e. > Z4,> th, > 73 > Z,> 0 


since P,..4% is onto by (c). Also 
te tan(O) = thisse 7e+a(S**), 
which is generated by 
Resa n+altersat on Wea k+4 Phe sarees} = Qh +1,0+4lPaesress} 
= phprrpsdelherrerad = 2Palharresra 

Hence ig dan(O0) = 2py 7 44(S***). 

Using the results of § 5.1 we thus have that 
m3 is an extension of Z, by Z, when k > 8, and x} is an extension 
of Z,+2Z,+Z, by Z,. 
To determine the extensions we operate with hf, ,,.,.4 on the section 


of the sequence (B) given in (c)+ to obtain the diagram, commutative 
by Lemma 3.1, 





a 
3 kin* 3 Pk43,1% . 
> Tg ———> Tg ———> Tp 43(S***) =. 


Let a € x} and a’ € wf, be such that 


Pri31464 = {hyson+a}s Prisix® sa {hisonsal- 


Then 

Prsgixh*a = h* py igred = hihi s xs alhnsenss} = Mnseesat = Pasgia®: 
Hence h*a = a'+i,,4,6, where be zf,. 

Accordingly 2a’ = 2h*a—2i, 446 = 0 


since 2h*a = a, 2{h;,,3,44} = 0, and since we have just seen that 
t I do not use Theorem 2.3 (g) again since it no longer holds for p = k = 4. 
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ix+4% 72 has only elements of order two. Thus the extension is trivial, 
and mt, = Z,+Z_ when k > 8, 
generated by {t,.91 Physs4+4} and a’ such that p,.3 144’ = {hy.o444} and 

mis = 2,+2Z,+2,+2,, 
generated by {i;, phz}, {iso €hs7}, {tg phss} and a’ such that 

Pria® = {hes}. 
Note that in either case 
Ag 7 45(S***) = 2py my 4(S*), 
whence we have by exactness that the image of p,,;, is the Z, subgroup 


generated by 12fhy..,45}- 
(e) When p = 5, (B) gives 


A, i Pp 
4 5 kib* 5 ki5* 
—> ty,44(S*+2) —> — ae +5(S**2) >; 


i.e. > 0+,» > 73> Z,>0 
since p;,.;, is onto the Z, subgroup of 7,,,(S***) by (d). Further, by 
§ 5.1, 72. = 0 when k > 8. Hence 
tm3= Z, whnk>8, 
and is generated by py }s.« 12{hy.on+5}- 

When k = 4, we have from § 5.1 that 7}, = Z,+Z,+Z,, whence 
7} is an extension of Z,+-Z,-+-Z, by Z,. We determine this extension 
as in (d) by operating, this time with h}.,, on the section of the sequence 
(B) for k = 4 given in (c). This gives the commutative diagram 


tom Pras 
fre, Tis ew Tis ———> 11,(S*) >. 


Let a € 7}, and 4 € 7}, be such that p,,,@ = {hg,} and p, 44 = 12{hg,}. 
Then 
Prix h*a = h* pz 144 = hy other} = 12{heg} = Prix. 
Hence h*a = G+i,,56, where be zj., 
and 24 = 2h*a—2%1,,5 = 0 
since 2h*a = a, 2{hz9} = 0 and since 7§, has only elements of order two 
Thus the extension is trivial, and 
m3 = Z,+2,+2,+2,, 
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generated by {i;. Phx 9}, {is,2 Ehs,s}, fig, Phs9}, and @ such that 
Prixd = 12{hg}- 
7.32. k = 2 (mod4) and k > 6. We first obtain the value of {t,.,; 3}. 

From § 7.3 we have that 

{tessa} = 2{Physaerst—(G}, 
where g: S*+1 + i,,,,(S*) is a symmetric map, ¢,,,, being a homeo- 
morphism into. Further, using the notation of §§ 2.3 (c) and (d), we have 
from the definition of g that 

gu, = dy429: P* + i(S*), 


which is of degree one (mod 2) and therefore essential. Thus g is essen- 
tial by Theorem 6.1, i.e. {g} = {ip.4. hepa}: 





Hence {tessa} = APAgsrpsattttesaa hepesst 
We are now ready to examine the sequence (B). 
(a) When p = 1, (B) gives 


Pki2e A, tess 
Te+9(S**?) > Th» Ths “- Tp41(S**?), 


i.e. + Z, > 2,42, > m3 0, 
by § 5.1. Also i },,4(0) is generated by {t,,3}: that is, by 
Phy srpst t+ {tesa ees 
Hence mh; = Z,, 


and is generated by {i,,5) Phys: ,44;}. Note that Ay1(0) = 0, whence 
Px+ox is trivial. 
(b) When p = 2, (B) gives 





Pkise A, tks oe Pr 
> My 4g(S*+2) —> apg —> ahg —*> m,,.(S*+#) >, 
i.e. aa Z, ae Z.+ Z, > 73 > 0, 


/ by § 5.1, and since p,,,, is trivial by (a). Also 
tg} en(0) = t, +3,3% Te +9( S*+1), : 
which is generated by 
Ness esol 2{Phpssesat+fipes hy e+1}) 
- {Phesstzsite 2th, rks t{teera he ess huss pss} 7 {ipsa hy nso}: 
Thus m3 = Z,, 
generated by {i,.21 Phyis x2}. Note that p,,5, is trivial. | 
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(c) When p = 3, (B) gives 


Piss A, iz Pp 
Rs *ki2 +3* k+3e 
——> m4 4(S*+2) —> The > Ths - Ty 43(S**?) >, 





i.e. +> Z,> Zy4+Z,> 73> 0 
by § 5.1, and since p,.5, is trivial by (6). Also 
tetax(9) = {terssha 7e+a(S**2), 
which is generated by 
Nisa e+9(2{Phg sera} Hix +1,1 hy x +1}) “my 12ftpiaa hy. n+3}- 
Hence i;-/s4(0) is the Z, subgroup generated by 12(i, 1) hp x+3}- 


> a , ’ " \g . 
generated by {i,., 2/443} and fiz.) PAgstnss}- Note that again p,.4. 
is trivial. 


(d) When p = 4, (B) gives 


Preise A, ikgae Piss 
yk+2 4 + 4 + 
———> 1.43(S***) —> ai. ———> ahs ——— 7,,,(S***) >, 
_ 4 
1.e. > Zag —> LZ > Ths > 0 


by § 5.1, and since p,.4, is trivial by (c). Also 

tet ax() = {ty sashe 7esa(S**)), 
which is generated by 

Wea esa {Phe sr esd tesa tees} 
Ke Pheri esa tierra Iyer Ie sresa) 5 2{ Phx sacra} 

Thus tg sge(0) = 2p, 7.4(S***), 
and ths = Zp, 
generated by {i;,.01 Physsn44}- Note that, since 

Ng 7 +5(S***) = 24 7% 44(S**), 


the image of p,.5» is the Z, subgroup of 7,,,(S***). 
(e) When p = 5 and k > 10, (B) gives 





A, ty P 

i 5 +58 5 k+5* 

> Te +l Skt?) —~> Th —> °° = Tp 45(S*t?) >, 
i.e. >0>0>7}33;>27,70 


by § 5.1, and since the image of p;,,54 is Z, by (d). 
Hence mes3= Z, whenk > 10, 


and is generated by py}319 12{hy +2445}: 
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(f) When p = 5 and k = 6, (B) gives 


* tie Pius 
—_> 1 19(S®) ome 39 > 73 > 771,(S8) — 





i.e. >0>Z,>73> 2,70 
by § 5.1, and since the image of p,,, is Z, by (d). 
Hence m5 is an extension of Z,, by Zs. 


To calculate the extension we consider 7,,(P3), ~ 7,3 by Theorem 
2.3 (g). Let O*+? (k > 3) be the space consisting of an S* and an S**+! 
having just one point in common, to which a k+-2 cell e*+* has been 
attached by a map ¢ such that 


¢ | Bk+? ~ Sky Sk+1 
is essential over S* and of degree two over S*+!. It will be shown in 
the Appendix that, when k = 2 (mod 4) and k > 6, (Pk+?, Pk+}) is of 
the same homotopy type as (C*+?, S*+1v S*), So consider the commu- 
tative diagram 


] * * } ” 
> 17,(S7 v 8®) me _F 771,(C8) > m4,(C®, S? Vv S*) —*> 249(S7 v S*) > 


te te, te, te 


| 
thos ” 1lo* > C dios 
—> Ty9(S* v S85) —~> m4.(C") = 7 9(C", S§v S5) —-> 2,(S* v S85) >. 





We know that 7,,(C*) is an extension of Z,, by Z,. I shall show that 
7 9(C") is of finite order and that it contains an element a such that 
Jivx €,@ is non-zero. Thus €,a is a non-zero element of finite order in 
m,(C*), which must then be Z,,+-Z,. 

We have by Theorem 3 of (9) that 


my(S®V S®) = m9(S%) +2989) = Zyy+Zo, 
by Theorem 1 of (9) that 
T9(C7, S8v S*) & a4(S*) = Zy,, 
and by Theorem 2 of (6) that 
Tyo(S° V S°) & myo(S®)+-779(S*)+[776(8*), 7(S°)] = 2.+Z... 


Thus the lower sequence of the diagram is of the form 
‘ioe ios 3; 
> Dy Zug > myg(C?) > Zag — > Zag + Dg >- 
Now we have by Theorem 1 of (1) that i,92(0) is the union of 


{2heothsche 79(S*) and [{2hegthsehn m74(S®), m75(.S5)], i 
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which, since 7,9(S*) = 0, is generated by 
[{2hooths,o}athech> thsst] = 2[ theo}, {hss}]+[{hs.e}> {hss} 
23 2[ {he}, {hss}] + {hsr0}- 
Thus ¢19% 7 9(S* V S5) = Z,, whence 7,.(C”) is of finite order. 
Further, we have by Theorems 1 and 2 of (9) that 
810% 24 = {2hegthso}%79(S*), 
which is generated by 
, Ke of 2heoths,6 Pe, 2{hes}+ AG oths,6} oan 2{hes} 
since 
Ne olhso} = {Chg C*ph, 7} = C{hy 2} = {Chg Ch, 7} 
= 2ssatheo} = hssx2hso} = 0. 
Thus the image of 539, = 2Z.4, whence j} 94 749(C”) is the Z, subgroup of 
9(C7, Sv S5). 
This implies that 7,9(C’) has eight elements and contains an element a, 
of finite order, such that j}),@ #0. But €, is an isomorphism by 
Theorem 3.2 (B). Hence 
jiux€E,@ = Eyjyo4% #9, whence E,a + 0. 
This is what we set out to prove. 
Thus ms = 2.+Zs, 
and is generated by {i;9h¢,,} and a such that py,,@ = 12{hg,,} and 
2a = 0. 


Appendix. The homotopy type of certain P{+}.+ 
(A) The homotopy type of PEt}. Let ty .4msi: PRO} > Vim be the map 
defined in § 2.3 (d). Then Yy,..: PE_, > S* is a homeomorphism. We 
also have from § 2.3 (d) that 
:= titsste+e,2° (E*+}, Bk) > (PLT, Pé1) 
is a characteristic map for the (k-+-1)-cell in P£*}, and, further, that 
89 = Witeeterae: Bt! > S*.t 
We thus have, by § 2.3 (5) (ii), that 
{8g} = Ene 2fhy..} (k odd), 
0 (k even). 
Now let Y£*! be the space consisting of an S* to which one (k+-1)-cell 
e*+1 has been attached by a map ¢ such that 
¢ | Eki + Sk 
+ PE*! is the projective k+s space P*+* in which a P*-* has been shrunk to 


a point. ; z : 
t If f: (2", 2") > (K, L), then df: E" > L is defined by f | E*. 
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is of degree two, i.e. 
{56} = {hy ads = Yeraentd9} 
when k is odd. Thus, by Lemma 3 in (8), %,... can be extended to a 
homotopy equivalence 
Fiesag: (PRtI, PE_) > (Y§*1, S*) for all odd k. 
Note also that (Y£**, S*+*) is of the same homotopy type as €(Y§+!, S*). 
On the other hand, if X v Y denotes the union of two spaces X and 
Y having just one point in common, then, by the same lemma, we can 
extend ¥,.5. to a Re al equivalence 
Siesag: (PEL PE_1) > (S**1 v S*, S*) for all even k. 
Note again that (S**?v a, S**1) is of the same homotopy type as 
€&(S*+1 vy S*, S*). Also, by Theorem 3 of (9), we have that 
Tyag(SPt1V S*) = ty 4 4(S") + jg mes (S**), 
where i, and j, are the monomorphisms induced by the identical 
injections of S* and S**!, Thus, when k is even, 7}, and 7, ,,(S**! v S*) 
are abstractly isomorphic (see § 5.1), this isomorphism being realized by 
Se+oa%Victs,a%: The > Mes(S* Vv S*). 
Therefore Se+22%Vitsseltesia test = tethers} 
Sasa2nPitsse( Php srnrat = JathesrerttrAtattcgn} (A = 0 or 1) 
provided that the S**! are suitably oriented. 
(B) The homotopy type of Pk*? when k = 3 (mod4). We have from 
§ 2.3 (d) that 
9 = Wiraatessa: (B+, B+?) > (PEt, Pkt}) 
is a characteristic map for the k-+-2 cell in Pk*?, and that 
89 = di }sstesss: Ek+ -, Pit}. 
But, when k = 3 (mod 4), {t,433} = {tesa begs} by § 7.2 (a), and yy .5.3% 
is an isomorphism in this dimension by Theorem 2.3 (g). So 
{89} = Wits aelicsia nest = tePete oaths, 
where i, is induced by the identical injection of Pk_, > Pk*}. 
Now let B§** be the space consisting of Y§+* to which one k+-2 cell 
has been attached by a map ¢ such that 
¢ | Bk+2: Bet? Ske Yet 
and is essential: that is 
{84} = tae esr} - Sie +2,2% is Pi teon he pss} es Sicrzexf5g}, 


where i is the identical injection and f,,., the homotopy equivalence 
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defined in (A). Hence, by Lemma 3 of (8), we can extend f,,,,, to a 
homotopy equivalence 
Siexa,e: (PETZ, PE*}) > (B**, ¥3*1), for k = 3 (mod 4). 
Note also that (B3+*, Y§**) is of the same homotopy type as €( B*+®, Y*+1) 
when k > 2. (When k = 2, the attaching map of the 4-cell is to be of 
Hopf invariant unity.) 
(C) The homotopy type of P§*? when k = 0 (mod 4). We have again 
from § 2.3 (d) that 
9 = di deetesss: (E*+*, B*+*) > (PETE, Pet} 
is a characteristic map for the k+-2 cell in PE*?, and that 
59 = dilsstesss: BY? > Pet}. 
But, whenk = 0(mod 4), {t,.33} = 2{phyiaysi} by §7.31. Thus, if fy, ,o 9% 
and j, are as defined in (A), we have that 
ti -2,2499} -— Sevza% i 3,98 {Php ess} 7 hate saast 
Hence f/f)... can be extended to a homotopy equivalence 
Sicsa.g: (PRt?, PEt}) > (YE? v S#, Sk+1y S*) for k = 0 (mod 4). 
But we have from (A) that Y4*? is of the same homotopy type as Pk*+?. 
Thus P£*? is of the same hom. topy type as Pk*? v S* when 
k = 0 (mod 4). 
(D) The homotopy type of Pk*? when k = 2 (mod 4), and k > 6. When 
k > 3, let C**® be the space consisting of S**+! v S* to which one k+-2 
cell has been attached by a map ¢ such that 
op | Bk+2; Bk+2 ~ Skt y Sk 
is essential over S* and of degree two over S**!: that is, 
{86} = bghyesth + Dathesresit 
where i, and j, are as defined in (A). If g is the characteristic map for 
the k+-2 cell in Pk*+?, we have, by § 2.3 (d) as above, that 
{59} = {Wietssterss} © te+a(PED)- 
But, when k = 2 (mod 4), 
{tess} = 2{Phgsr est tesa heest 
by § 7.32. Thus, if f,,.. is the homotopy equivalence defined in (A), we 
have that 
Sicseexi89} = SesaanVictsae(2{Phpsr est tities hy ess}) 
= Balhesrectt(2A+ Distheesj, by (A), 
= {84}. 
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Hence, by Lemma 3 in (8), we can extend f,,,. to a homotopy equiva- 
lence 
Fieza,0: (PEt? PEAY) > (C#+*, S**2V S*) when k = 2 (mod 4) and k > 6. 
Note also that (C*+®, S*+?v S*+1) is of the same homotopy type as 
€(C#+2, Sk+1 vy S*) when k > 3. 

(E) The homotopy type of Pk*+? when k = 2 (mod 4) and k > 6. When 
k > 3, let D&** be the space consisting of C*+? to which one k--3 cell 
has been attached by a map ¢) such that 

dy | Bets, Bets . Sktly Sk co Ok+2, 


and such that {8h} = Faller ero} tAbathn rsa}: 
Again we have from § 2.3 (d) that, if g is a characteristic map for the 
k+3 cell in P§+?, then 
{89} = (Witte atesaad © Me+2( PET). 
But I shall show in § 8.2 of the third paper that, when k = 2 (mod 4) 


and k > 6, : 
P {tesaat = {tere Pharr esal- 


Also, by Theorem 2.3 (9), 4,444, is an isomorphism in this dimension 
if k > 2. Thus we see that 


{89} = Vitae tiroralPhesrpsat = te biedsselPhcss eset © Uetese(PETY), 
where i, is induced by the identical injection of P£*} into Pk*?. If we 
now consider {5g} in 7,,.(P£*}) and if f,,,». and f,,.. are the homotopy 
equivalences defined in (D) and (A), we have that 

Sic+2,00{89} = Srsa2%¥itsselPhnss ese} 
= Nisa nichereeetersael Phi sscst 
ra Wis na(Sahesresa}+Abefhaest}) 
sas Ja hgsrx +a} +At a fhig esa} 
| = {84)}. 
Thus, by Lemma 3 of (8), we can extend f;, , » » toa homotopy equivalence 
Fesag:( PETE, Pkt?) > (Dk*8, Ch+2) for k = 2 (mod 4) and k > 6, 
where the A is that determined by f,..024H¢13,s4{Phps14ns1}- Note also 


that (D{**, C*+) is of the same homotopy type as €(D**, C*+*) when 
k> 2. 
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ON A CONVERGENCE CRITERION OF 
HARDY AND LITTLEWOOD 


By M. E. NOBLE (Nottingham) 


[Received 28 December 1956] 
1. Introduction 


One of a number of results on the convergence of Fourier series due to 
G. H. Hardy and J. E. Littlewood [(1), (2)] is as follows: 


THEOREM A. Suppose that f(x) ¢L(—7, 7) and that for some x 


é a 

| |f(x+u)—f(x)| du = of(log ") (i) 
a 

ast->0. Suppose also that for this x and for some positive K, 5 the Fourier 
coefficients a,,, b,, of f (x) satisfy 


a, cosnx+b, sinnx > —Kn-> (ii) 


ifn >1. Then 8, (x) > f (x) 


as n>, 


To avoid repetition I shall assume, whenever f (2) is mentioned, that 
it is integrable in Lebesgue’s sense over | —7, 7] and has a Fourier series 


tay+ s (a,, cos nx-+-b, sin nx) 
T 


with partial sums s,,(2). 
The proof is curiously indirect involving the method of summability 
(V, l) [(3) 224 or (4)], in which 


x $, > 8( V, l) 

if, as n > ©, a 

(2n)-in¥-A Ss... exp(—Jmin!-2) > s, 
m=—-n 


Hardy and Littlewood showed in (2), that under condition (i), (V, 1) 
is ‘Fourier-effective’ and then used the fact that (ii) is a Tauberian 
condition for (V, 1) if 1 = 2(1—8). 

The present paper had its origin in a proof of the following theorem 
suggested by an earlier (unpublished) result of R. P. Boas, Jr. 


Quart. J. Math. Oxford (2), 9 (1958), 28-39. 
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THEOREM B. Suppose that f(t) satisfies condition (i) of Theorem A 
and that there exist a positive number 5 and a sequence of integers n, 72 
such that a, = b, = 0if 

In—m,| < nj. 
Then the conclusion of Theorem A holds. 

The proof obtained for Theorem B was direct and in some respects 
similar to the Hardy—Littlewood proof of the variant of Theorem A in 
which (i) is replaced by [(1) 252-4] 

a, 6, = O(n). (ii)’ 
In a subsequent correspondence with me Professor P. B. Kennedy 
pointed out that the Tauberian argument involved in Theorem A could 
be used with other Tauberian conditions, in particular with 
MAX |8(X)—8,(2)| = O(1) (jm, n—y| < np), (ii)” 
which includes both (ii)’ and the gap condition of Theorem B (for some 
5). Further investigation revealed that both the Tauberian argument 
and the proof found for Theorem B could be adapted to prove the 
following result, which includes Theorems A and B. 

THEOREM 1. Suppose that f(t) satisfies condition (i) of Theorem A 
and that there exists a positive number 5, and a sequence of integers n, 7: 
such that 

lim inf[min {s,,(7)—s,(x)}] > 0 (\m,n—n,| <n}; m > n). 
Then : 8p, (2) —> f (x) 
as k >. 

In the present paper I shall prove the following more general result, of 

which Theorem | is the most important special case. 


THEOREM 2. Suppose that 
t 


(i [ \fet+-u)—f(w)| du = oftd((t\)} 


0 
-1 
as t > 0, where d(t) = O(log 7) as t-> 0+ and is an increasing con- 
tinuous function of t when t > 0 with $(0) = 0; 
(ii) there is a sequence of integers n,, => co and real numbers ,,, such that 
An, = 0(n,) and Paty 
u-1¢(u) du = O(1), 


-1 
nm 


and such that 
lim inf[{min{s,,(z)—s8,(z)}] >O (\m,n—n,| <A,,;m > n). 
‘ 
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ask>o. 
Condition (ii) is of course required only if f t-14(t) dt diverges. 


n) 

A simple direct proof of Theorem 2 will be given in § 2; this is perhaps 
of some interest in that it includes as a particular case a direct proof of 
Theorem A itself. If condition (i) of Theorem A is weakened by re- 


-1 
placing the second member by ofi(log a) we have the theorem: 


THEOREM 3. Suppose that, as t > 0, 


|! \fe+u)—f(@)| du = oft(tos +) ’| 


and that there is a sequence of integers n,, -> 00 such that, for every 8 > 0, 


lim inf[min{s,,(z)—s,,(x)}] > 0 (|m,n—n,| < nj-*®; m > n). 
k 


Then 8», (x) > f (x) 
as ko. 
The particular case of the convergence of s,,(2) if a,,, b,, = O(n-!**) for 


every 5 > 0 was given by Hardy and Littlewood in (2) [Theorem 7]. 
In the last section we consider the question as to whether the condition 


on A 
Nk Mae 


| $(4) du = O(1) 
Uu 


nm 


of Theorem 2 can be weakened. This is not easy to decide with ¢(t) 
satisfying only the conditions of the theorem but it is easy to show that, 
if $(t) satisfies an extra smoothness condition which is trivially satisfied, 
for instance, by functions of the form (logt)™...(log,t)%, then the 
condition is best-possible. 


2. A trigonometric lemma and proof of Theorems 1 and 2 
In the proofs of Theorems | and 2 we shall assume as usual that x = 0 


and f(0) = 0, and that f(t) is even. We require also the following ele- 
mentary lemma on trigonometric approximation : 


Lemma. If c, and d, are sequences of positive real numbers such 
that c,, d),—> 20 and c, = o(d,), then, for each k, we can find a cosine 
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polynomial P,(x) of order not exceeding d,, with non-negative coefficients, 
such that 

(a) P,(0) = 1; 


(0) P(x) < 2 
for k > ky uniformly in x; 
(c) if k >k, and cf < |x| < a, then 
\P,{x)| < 82-1, dz. 
We define g,(z) to have period 27 and to satisfy 


_fl—qis| (else), 
w= etc el <a) sie: 


If a,,(k) is the Fourier cosine-coefficient of g,(x) of order m, an elementary 
calculation gives, for m > 1, 


ee = 
a,,(k) = —c,m +{1—cos(™}| > 0. 


Consequently 


| (dx) ; 4c 2 
9x(%)— 2 a,,(k)cosmax < — > m-2 
(dg) +1 
< Sey dz (2.2) 
7 
if d, > 2, Statement (a) of the lemma can be satisfied by taking 


dy 
P(x) = =, a,,(k)cos mx 
0 


for a suitable v, —> 1; parts (b) and (c) then follow from (2.1), (2.2). 
We now proceed to the proof of Theorem 2. We observe that, if the 
hypotheses of the theorem hold and p,, q, are two sequences of positive 


integers such that 
My —An, SMe SZ Pe METAR» (2.3) 





lim inf 2*—% ~ 0, 
k " 
and if we write . 
m;, = pet dy), My, = HPe—%M%), 
u;' 
then I t14(t) dt = O(1). (2.4) 
1 


mm 
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For, if k is sufficiently large, then, for some a > | (independent of k), 


m;* Me 
J t-14(t) dt < [¢ t) dt 
mj" ing" 
nj, | _ ad, 
<ouy { $+ | t-Ig(t) dt-+0(1) oa 
ing? n,' on 


iand all three integrals are obviously bounded as k —> oo. 


Suppose now that M, is an integer and that 
d, = M,, 
c, = M,(log M,) 


and let P(x) be the corresponding polynomial. Then we have, if 
Mk 
P(x) = > b,, cos mz, 
0 


oy SOP, ge a a) 


1 : 
S| Po | fe {sin(m,+p+ }$)t+sin(m,—p+ })t} dt 
on : 5 


Me 


= XM vt met») —8m.—p(O)}- (2.5) 
We consider the left-hand side of (2.5) and write 


1 4 mj,' log M,/ Mz ' c T 
5 | POR OG a (J + 4. 4 [ 4 () 
0 logMi/Mz cc 


= ee (2.6) 


where c is a fixed number such that 


t 
[1s (u)| du = Of49((e))} 
inO<t<e. : 
In the interval 0 < t < m;}, 


sin(m,-+ 4)t 


sin it = O(m,.), 
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and consequently, by part (b) of the lemma, 
my ~t 


h| < Orme J 100) dt) = ofgimg4y} = of). (2.1) 


Write F(u) = | if | dt. 
0 


By part (6) of the lemma, for large k, 


(log My) Mj" 
| <0) [wl f(u)| du 


—1t 


es —_— (log M,) M;' 
< (1) [war 2) ia aii \+ j u-*F(u) au|| 
m," 
mu; (log MyM; * 
< o(1)+0(1) J w-Ig(u) du-+o(1) log? (2.8) 


mM; 
< o(1)+-0(1)flog log a OR = 0(1) 
by (2.4). By part (c) of the lemma, 
[Ig] < * (log My) | ul) f(u)| du 


(logMy)M;" 


< = (log M,.)- [er yi at | u~* F(u) au| 


(logMy) M; 
(log Mi) Mj" 
s F(c) h du 
an ‘f a5 -1 —————— <= 
<F(og.at)* 4 o(logmy) [Go = oll). 
(logMy) Mz" (2.9) 
Finally, also by part (c) of the lemma, 
Ld] < O(log M,)-*) j 410) dt = oft) (2.10) 


Combining (2.7), (2.8), (2.9), and (2.10) we have proved that 


M 
Y Bp fSmy—p(O +8 p(O)} = (0). (2.11) 
p= 
It now follows from (2.3) and the hypothesis of Theorem 2 that, if 
« > Oand k > k,(e), then 


8y,—€ S Bq S 8p, + 
3695 .2.9 D 
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for q, <n < p,. Consequently, by (2.11) and part (a) of the lemma, 
—e < 8,,(0)+e, 8,(0)—e Se 
k > k,(e) > k,(e): that is, 
lima eup 8,,(0) < 0 < liminfs,,(0). (2.12) 


If we now make the choicest 
k= % Pr=™t>Ays U=M—Ay Pr= Mp 
then the first choice yields in (2.12) 
lim sup s,,(0) < 0 
and the second lim inf s,,(0) > 0. 


Theorem 2 follows. 
Theorem | is the special case 4(t) = (log 1/t)-1. 


3. Proof of Theorem 3 

The proof is very similar to that of a special case of Theorem 2, and 
I merely indicate slight modifications. 

Under the hypotheses of Theorem 3, ife > 0, there is a kg(¢) such that, 
if k > ky, 

min{s,,(z)—8,(x)} > —e (\m,n—n,| < n}-*; m > n). 
In the lemma of § 2 take 
dy mi“, ty = ni-logn,) 

and let P,(x) be a corresponding polynomial. Then, arguing as with 
Theorem 2, we have 


$ $b, {8,-p(0)+8n,+p(0)} = eae 
ng "logne F 
=f + u Pee i 


nj~ ‘logne 
bees ythetl (say). 
If ni~*logn, <t < 7 and k is large enough, 


PO] <5 (log nm). 


Exactly as in the proof of Theorem 2 it follows that 


[Z,|+ [Z| <e 


Tt IfA,, is odd, replace it by A,,—1, which does not affect hypothesis (ii) of the 
theorem. 
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if k > k,(¢). Defining F(u) as in § 2 and using part (b) of the lemma and 
condition (i) of Theorem A we have 


nf logns 


h| <0) fo wtif(w)| du 
< 011) wreoy, bepese rf Ls -*F(u) au| 
n{~logns 
< Of(log n,)-4}+0(1) a 
< O{(1og m,)-3}-+0(1}e-+0(1) 


< Ae 
for an absolute constant A if k > k,(e). Finally, 


ec 


| <*(logn,) | ut) f(u)| du 


nt lognz 
< Of(log n,)~ [r+ { wie 
ni liogns 
og log n, 
- oe log n,, +) < 


if k > k,(e). Consequently, if k > max(k,, k,, ks), then 


|S Hol-160)+5uusn(0))] <(A+2%e 
The proof is completed as for Theorem 2. 


4. An example 


In this section I shall make the further restriction on ¢(t) that there 
is a fixed positive number A such that, for any fixed positive k < 1, as 


t> 0+ 
(kt) 
f= SA. 
o(t) ~ 


lima f in (4.1) 


We then have 
: THEOREM 4. Suppose that ¢(t) satisfies the conditions of Theorem 2 
together with (4.1) and that i,, is a sequence of positive numbers such that 
A, = 0(n) and ys 


J t14(t) dt} = (4.2) 


sup 
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Then there is a continuous periodic function f(t) with Fourier coefficients 
vanishing when |n—n,,| <A, for a sequence of integers nj, —> 0, and such 


ae ts, F(t) = offi {t))}, (4.3) 
for which |8,,(0)| > 00 (4.4) 
as k + oo. 


We use a modification of Fejér’s well-known construction of a con- 
tinuous function with a divergent Fourier series and begin with some 
lemmas. 

Lemma 1. If d(t) is increasing, non-negative, and continuous for 


t > 0, and 
[ $0 dt = a, 
0 


then > p-'$(p-") and ¥ o(p-) diverge. 
For, by a trivial change of variable, the divergence of the integral is 
equivalent to 


J t-14(t-1) dt = 00, 


and, since ¢(f-!) is decreasing, this is equivalent to the divergence of 
> p-'¢(p-), which in turn implies that of ¥ 4(p-). 


Lemma 2. Suppose that u,, is a decreasing sequence of positive numbers, 
with ¥u,, divergent, such that for some positive number A 


lim inf “#" > (4.5) 

* n 
for any positive integer k. Then there are positive numbers A, k, > 1 such 
that, for every integer n, there is a positive integer m withn <m <kyn 


such that in 
2 Uy, < Amu, (4.6) 


We write o,, for the (C, 1)-means of the sequence {w,,} and begin with the 
identity (easily obtainable by partial summation) 


N N-1 
Uy oD - 
—_— = a o) te 4, ‘ 
> 2 pti , x 


Suppose now the lemma to be false and let 5, be a decreasing sequence 
with 5,-> 0. Then, for any fixed integer k, there are arbitrarily large 


integers NV such that 





Um < 840m (4.8) 
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for N <m < KN, By (4.7), 


kN kN-1 
2 — 
fia P pti 
and by (4.8), since, as is easily scaunad o, decreases, 
kN kN kN-1 


—~ + O%y—en, 
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as N-+>oo. By (4.9), (4.10), and (4.11),4 
kN-1 











sti 
By (4.6), since u,, is a decreasing sequence, if N < p < 


> Poy +O(N-). 


Combining (4.12) and (4.13), we obtain 
kN=1 


> {1+e(k)} > <7 Pow + OW} 
> {l Le(b)}{ Roy LOW: 1)}log k, 
which implies, if & is large enough, that 
on = O(N), 
contradicting the divergence of ¥ u,. 
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(4.9) 


(4.10) 


(4.11) 


(4.12) 


(4.13) 


We now have the following result analogous to a lemma of Hardy and 


Littlewood [(2) Lemma a]. 
Lemma 3. There is a positive constant A’ such that 


(i) f0<27<}h, ee M,N>2 


S ao-9 P| < a4 
(ii) for all x and any pair of es M,N>2 


N 2 
-1 SIN px 
> o(p —" 








<A’. 








t I denote by «(k) a function of k, not necessarily the same at each appear- 


ance, tending to zero as k — o. 
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Part (ii) follows easily by partial summation from the uniform bounded- 
ness of the corresponding sum with the (bounded) factor ¢(p~') omitted. 
We prove part (i). Suppose that M < a-! < N and write vy = [x~"]+1. 
By Lemma 2 applied to ¢(p~') there are constants A, k such that, for 
some m in the range vy < m < kv, we have 


¥ (04) < F 4p) < Amp(m-) 
Consequently 
i< ar sin pa| _ Bac ee 
>, ) = S739? 1) < Axmd(m-) 


< Akvad(v-) < 3Akd (zx). (4.14) 
Also by partial summation 





> $(p rd < H(v+1)") lcosec }a| < d(x). (4.15) 
load v+l 3 
Combining (4.14), (4.15), we have 
\< 1) Sin pa | 
1) ——| < (gAk-4 , 4.16 
> $0 A | S Gab + moe) (4.16) 


The same inequality can be obtained more simply if < N-'or M-! <z. 


If now the sequence 4,, satisfies (4.2), let n, be a sequence of integers 
such that, as k > 00, 


s 
k-2 | t-14(t) dt > oo (4.17) 
nj? 
and satisfying 2ny < Mpa, (4.18) 
and write 
(ina) 
Oxt) = [eee Pl sp -1)_ conta PH 4p-)} 
{Ang} +2 
(tne) ain f 
= —2sinn,t > ¢(p-) ae. 
[Ang] +1 Pp 


By (4.18) no two of the cosine polynomials C,(t) involve cosines of the 
same multiple of ¢. Write 


f[oj= > k-*Cy0. (4.19) 


By part (ii) of Lemma 3 the series in (4.19) is uniformly convergent for 
—m Jt <7, 80 that f(t) is continuous and has the series, regarded as a 
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trigonometric series, as its Fourier series. Moreover the Fourier co- 
efficients of f(t) are zero when |n—n,| <A,, and 


(ing) 
s,,(0) = —k? ¥F p-Ag(p-) 
[Any]+1 


— k-2 [ ege-s dx-+-o(1) 
Ane 
= —-2 i t-1p(t) dt+-o(1), 


nm, 


I 


so that by (4.17), as k > 0, 
'8,,(9)| —> 00. 


It remains to show that f(t) satisfies (4.3). Ife > 0, choose ky(e) such that 


> k*2<e. 
— <" 


Then, by Lemma 3 (i), if |¢} < 4, r 
fl < 2A’ |t\p(|t|) & my A’ed ((t) 


< (A’+ led (|t|) (4.20) 
if |t} < t,(e), so that (4.3) is fulfilled. 

The construction of f(t) depends essentially on the inequality (4.14), 
which requires the truth of Lemma 2. This last is certainly false if u,, is 
not restricted by some such condition as (4.1) and merely satisfies the 
hypotheses satisfied by ¢(p-') with 4(t) restricted as in Theorem 2. It is 
of course possible, or even probable, that Theorem 2 is best-possible 
with no further restriction on 4(t), but it seems likely that the construc- 
tion of a suitable counterexample would require other methods. 
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PROPER PINCHERLE BASES IN THE SPACE 
OF ENTIRE FUNCTIONS 


By M. G. ARSOVE (Seattle) 
[Received 14 January 1957] 


1. Introduction 

Tue problem of expanding analytic functions in generalized Taylor 
series has been dealt with extensively in the literature.t Among the 
results obtained, some of the most comprehensive are those due to 
Boas (3), derived by means of an extension to Banach spaces of the 
Paley—Wiener basis approximation theorem [(11) 100]. 

An important special case of the expansion problem occurs when the 
underlying region is taken as the entire plane (i.e. when the functions in 
question are entire functions), and it is this case which occupies our 
attention here. Thus, we shall consider the linear space T of all entire 
functions, topologized according to the metric of uniform convergence 
on compact sets. This space has been studied in a series of papers by 
V. Ganapathy Lyer (4, 5, 6, 7), using the equivalent metric N(f—g), 
where N(f) is defined in terms of the Taylor coefficients a,, of f as 

N(f) = supflao|, |a,/%"} (n > 1). 

The expansion problem in I is, in linear-space terminology, just the 

problem of determining conditions under which a sequencet {a,} of 


functions in I’ constitutes a basis for the space. Considerable interest 
attaches to basis functions of the form 


aiy(2) = 2"{1-+A,(2)}, (1.1) 
where each X,, is an entire function vanishing at the origin. Since the 
possibility of expansions in series of such functions was first given by 
Pincherle (12), we shall refer to bases {a,,} of this sort as Pincherle bases. 

A sufficient condition for the sequence {«,,} of (1.1) to be a Pincherle 
basis has been established by Ganapathy Iyer [(5) 93-94] in terms of 
the functions B,(2) = 2"A, (2), (1.2) 
the condition being simply that 

N(B,,) > 0. 

t A partial bibliography is to be found in Boas (3). 

¢ Unless stated to the contrary, the sequences with which we deal will be 
indexed by n = 0, 1, 2,.... 

Quart. J. Math. Oxford (2), 9 (1958), 40-54. 
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I propose here, using results of Boas (3) and Narumi (9), to show that 
this condition can be weakened to 


N(A,,) >-0 
and that the Pincherle basis so obtained is, in fact, proper.t It should 
be remarked, however, that even the weakened condition is not a 
necessary one, since, if ¢ is any entire function vanishing at the origin, 
a, (2) = 2%e%) 


yields a proper Pincherle basis. 
An obvious consequence of our basis theorem is that, if {y,,} is any 
sequence of entire functions uniformly bounded on compact sets, then 


a,(2) = 2n{1+ = male} (1.3) 


defines a proper Pincherle basis. In turn, it follows easily from this 
that such a basis can be constructed from the successive remainders of 
the exponential function by setting 


ane) = mer > i 


This suggests a generalization (which 11 prove by direct methods) for 
constructing proper Pincherle bases in analogous fashion from a general 
class of entire functions of exponential type. 

Finally, I observe that (1.3) yields proper bases in which each a, 
is a polynomial of arbitrarily prescribed degree > n.{ On the other 
hand, considerations of linear dependence, which I indicate in § 5, 
show that the functions a, in a basis cannot ultimately be polynomials 
of degree less than n. 


2. Proper bases 

The notion of proper basis adopted here is essentially that set forth 
in (1). However, the present approach, along slightly different lines 
from that of (1), seems somewhat preferable.§ 

Inasmuch as the linear combinations with which we work are to be 
interpreted as infinite series, the linear-space terminology employed 
represents a departure from conventional terminology. 

+ The terminology ‘proper basis’ is used here in a different sense from that 
introduced by Ganapathy lyer [(6) 880}. For the present definition see § 2. 


¢t With the qualification * proper’ omitted this conclusion follgws also from 


Ganapathy Iyer’s theorem. 
§ The author is indebted to Professor W. K. Hayman for suggestions leading 
to this approach. 
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To make this explicit, we suppose that {«,} is a sequence of functions 
in IT. If ne 
> C, a, = 0 
n=0 


implies c,, = 0 (n = 0, 1,...) for all sequences {c,,} of complex numbers 
for which the series converges uniformly on compact sets, the sequence 
{x,,} will be called linearly independent (otherwise, linearly dependent). 
I shall say that {a,,} spans a subspace [, of I’ provided that I, con- 
sists of all linear combinations 


x 
> Cy Xs 
n=@ 


where {c,,} is any sequence of complex numbers for which the series 
converges uniformly on compact sets. A sequence {«,,} which is linearly 
independent and spans a subspace [, will be said to be a basis in I). 

It is frequently desirable to require that the series ¥ |c,, «,| converge 
uniformly on compact sets, and, when this condition is adjoined to 
those of the preceding definitions, I shall qualify the nomenclature 
by inserting the word absolute. Thus {a,} is absolutely linearly inde- 


pendent if s C, %, = Oimplies c, = 0 (n = 0, 1,...) for all sequences {c,,} 
n=0 


of complex numbers for which } |c,, «,,| converges uniformly on compact 

sets. Similarly, if {«,,} is absolutely linearly independent and absolutely 

spans a subspace Ij, of I’, it will be termed an absolute basis in T).t 
Given a sequence {«,} of entire functions, we set 


M,(R) = max|x,(z)| (\2| = R > 0) 
and employ the notation of Ganapathy Iyer, 


lay; R| = , 3 |\A,y| R* 
where a, (2) = >) Ay, 2*. 
k= 


From the Cauchy inequality 
Ang! < M,(2R)/(2R)* 
we obtain at once 
M,(R) < |a,;R| < 2M,(2R), (2.1) 
a result which allows the interchange of M,(R) and |«,; R| in much of 
the following work. 
It is convenient to introduce a number of conditions applicable to 


+ This corresponds to the terminology ‘absolutely convergent basis’ as used 
by Karlin (8). 
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sequences {a,} of entire functions. Conditions («) and (8) are defined 
by the limiting relationships 


(x) lim sup {M,(R)}¥" << +00 (all R > 0) 
and ; 
(8) im {lim inf {Mf,(R)}*") = +00. 


The further conditions (A,), (A,), (Ags), (B,), (B,), (B,) are defined as 
follows: for all sequences {c,,} of complex numbers 


@ 
(A,) c,|"" +0 => > |e, «,| converges uniformly on compact sets; 
n=0 
(A,) c,|4"* +0 => > C, %, converges uniformly on compact sets; 
n=0 
(A;) —{e,|¥" +0 => ec, a, > 0 uniformly on compact sets; 
(B,) Dd len %,| converges uniformly on compact sets => |c,|"" > 0; 


n 


Ms 


(B,) Cy %, converges uniformly on compact sets => |c,,|\¥" > 0; 


n=0 


(Bs) Cy %, > 0 uniformly on compact sets => |c,|"" > 0. 


The elementary arguments used in proving Theorems 2 and 3 of (1) 
show that conditions (a), (A,), (A,), (As) are equivalent and that condi- 
tions (8), (B,), (B,), (B,) are equivalent. For the sake of completeness 
I include the proofs here. 


THEOREM 1. For any sequence {x,} of entire functions, conditions (a), 
(A,), (A,), (Ag) are equivalent. 


Proof. Suppose that («) holds. Then, given R > 0, there corresponds 
a number M(R) such that {M,(R)}"" < M(R) for all n. Thus, if 


lc, |¥" +> 0, then P 
> len Xn (2)! 
n=0 
is dominated on |z| < R by the convergent series 


> lenlfecRy. 


There results (x) => (A,) => (A,) => (As). 
To complete the proof, I show that 
(As) > (a). 


For this, let us assume that (A;) holds but (a) fails. Choosing R > 0, 
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so that {{M,(R)}""} is unbounded, we can find an increasing sequence 
{n,} of positive integers for which 
{M,,,(R)}™ > k. 
Then the sequence {c,} defined by 
Cy, = 1/0, (R), ey = O(n A Mm) 
has the property that |c,,/"" +> 0. However, for all k, 
max |¢ (z)| =1 (\z| = R), 
and this contradicts (Aj). 
THEOREM 2. For any sequence {x,} of entire functions, conditions (8), 
(B,), (B,), (Bs) are equivalent. 


Proof. Suppose that (8) holds but (B,) fails. Then, for some sequence 
{c,} of complex numbers, c,,«, > 0 uniformly on compact sets and 
lim sup |c,|"" >e«> 0. It follows that there exists an increasing 


n> 2 


sequence {n,} of positive integers such that 
lc,,| > €™. 
Condition (8) ensures that, for some R > 0, 
lim inf {M,,(R)}!" > e-}. 


np ~ny 


Hence, M,(R) > «~” for large n, so that ultimately 
Cn, M,,(2)| > 1. 
This contradiction to c,,«, > 0 uniformly on compact sets yields 
(8) > (B;) > (B,) > (B,), 
and there remains to establish 
(B,) > (8). 
Here we assume that (B,) holds but (8) fails. Then 

lim [lim inf {J RY") <M < +00, 

Rw! now 
and the monotonicity of the maximum functions allows us to conclude 
that, for each R > 0, 


lim inf {M,(R)}" < M. 


There thus exists an increasing sequence {n,} of positive integers such 
- {M, (RY <M. 
Hence, given any R > 0, we have 

|%n,(2)| < Am 
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for |z| < Randk > R. Setting 
Cy, = (2M), C,=0 (nA~An,), 


we then see that > |c, «,| converges uniformly on compact sets and 
that lim sup |c,,/"" = (2M)-!. This contradiction completes the proof. 


n> x 


It should be remarked also that Theorems 2 and 3 of (1) show that 
the condition that > |c,, «,| converges uniformly on compact sets, figuring 
in (A,) and (B,), can be replaced by the condition that > |c,, «,| con- 
verges to a function bounded on compact sets. 

Modifying Ganapathy Iyer’s terminology [(4) 880], we state 

Definition 1. A sequence {a,,} of entire functions will be called a proper 
basis for a subspace [, of provided that 

(1) {a,,} is a basis in Tj; 

(2) for every sequence {c,} of complex numbers the series > c, a, 
converges uniformly on compact sets if and only if |c,,|"" > 0. 


The role of Theorems | and 2 is now evident: a basis {«,} in a subspace 
I, is proper if and only if one of the conditions (x), (A,), (A,), (Ag) holds 
and one of the conditions (8), (B,), (Bz), (Bs) holds. In particular, it is 
clear that every proper basis is an absolute basis, and that the definition 
of a proper basis as given here is equivalent to that in (1). 

Among the above criteria for a basis to be proper, that consisting of 
conditions («) and (8) is of special interest. Further, we note from 
(2.1) that this criterion remains valid when M,(R) is replaced by |«,,; R|. 

As an indication of the importance of proper bases in the study of I, 
I mention the following interrelationship between proper bases and 
automorphismst [see Corollary 4.2 of (1)]. 


THeoreM 3. If {a4} and {a2} are proper bases in I’, there exists an 
automorphism T of T such that Tod, = a2 (n = 0, 1,...). Conversely, if T 
is an automorphism of T and {a1} is a proper basis in ’, then {a3}, where 
a® = Tal (n = 0, 1,...), is also a proper basis in I. 


In the sequel we shall be concerned with the problem of determining 
when a sequence of functions of the form (1.1) yields a basis in T. To 
prove such a sequence a basis, it suffices to show that it spans I since 
functions of this form are obviously linearly independent.{ Moreover, 


+ By an automorphism of T is meant a linear homeomorphic mapping of T 


onto itself. 

t If f = Sc,a, converges uniformly on compact sets, then so does the kth 
derived series f*) = 5 c,a*. Assuming that f = 0 and that c, is the first non- 
vanishing coefficient, we obtain the contradiction k!c, = f*(0) = 0. 
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if {a,} is a Pincherle basis, then a necessary and sufficient condition for 
{x,,} to be proper is that, for each R > 0, we have 


lim sup |«,,; R|!" < +-00.T (2.2) 


n> 2 


3. Extension of the Ganapathy Iyer basis theorem 
The central result here is 


THEOREM 4. Let {x,,} be a sequence of functions of the form 
a, (z) = 2"{1+A,(2)}, 
where each 2,, is an entire function vanishing at the origin. Then the 
conditions 
(i) lim (lim sup An; Bl) < +00; 
R-@ n> 2 
(ii) lim |A,,; R| = 0 for each R > 0; 
no 
(iii) A, > 0 uniformly on compact sets; 
(iv) N(A,,) > 0 
are mutually equivalent and imply that {«,,} is a proper basis in T. 


Proof. Since the constant terms in the power-series expansions for 
the functions 4,, all vanish, it is easy to see that 


lA,; BR] <t/A,;tR| (¢ > 1). 


This leads at once to equivalence between conditions (i) and (ii). That 
(ii) and (iii) are equivalent follows from inequalities of the type (2.1) for 
the functions A,,. Finally, (iii) and (iv) are equivalent by virtue of the 
fact that convergence in the metric of [ is the same as uniform con- 
vergence on compact sets. 

Turning to the work of Boas (3), we invoke his Theorem 4.1 to get 
the following conclusion. If, for each R > 0, there occurs 


lim sup |A,,; 2] < 1, (3.1) 


then every entire function f can be expanded uniquely as f = >; Cx Sys 
n=0 


the convergence being uniform on compact sets. Thus, conditions (i), 
(ii), (iii), (iv), which are obviously equivalent to (3.1), imply that {«,} 
is a basis in T’. 

t Note, however, that condition (2.2) does not guarantee that a sequence of 


the form (1.1) spans I’. For example, take A,(z) = z for all n. Then (2.2) holds, 
but all functions in the subspace spanned by {a,} vanish for z = —1. 
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To conclude that {a,} is actually a proper basis, we observe that 
condition (ii) yields 

jot; Ri" = R(L+|A,; R/"> R (3.2) 


and then apply (2.2). 
That Theorem 4 is indeed stronger than the theorem of Ganapathy 
lyer is readily apparent. For example, if 


a,(2) = 2*(I + wap 


then N(A,,) > 0 while N(B,,) > 1, 8, being defined according to (1.2). 
An alternative proof of Theorem 4 can be based on a theorem due 
to Narumi (9), which preceded the work of Boas (3) but is less general. 
Since this approach is particularly elementary and is substantially 
simpler in the present case than in that discussed by Narumi, I include 
the derivation here. 
Let f be an entire function having the Taylor expansion 


fz) = 2 4,2", 
n=0 
and let us use the coefficients in the expansions 


A, (2) pes > hin z* 
K=1 


to form the equations 


My = Co Oy = Cpt D Cpthnne (0 > I). (3.3) 


It is evident that these equations determine {c,,} uniquely in terms of 
{a,} and yield a ae 
f(z) = e+ > (c,+ > Cnt hn—ee)?”- 
n=1 k=1 


By rearrangement there will follow 
fa) = ¥ enanl2), 
n=0 


the convergence being uniform on compact sets, provided that we can 
show that the series 


& (lenl+ 3 lent! tnt!) (3.4) 


converges for all r > 0. 
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To establish the convergence of (3.4), let us suppose that M and H 
are constants such that 


lf@)| <M, |A,@)| <4 


hold for |z} = Randn = 0, 1,.... The Cauchy inequalities |a,| << M/R* 
and {h,,,.| < H/R* in conjunction with (3.3) give rise to the relations 


lol <M, [eq] < MR-“+H $ |e, 4|R* (n > 1). 
=1 
Defining {d,,} by 
d,=M, d,=MR-+H3d,,R+ (n>), 
k=1 


we find that d,—R-4,_, = HR-4,,,, 
i.e. that d, = R-(H+1)d,_.. 
This results in dias u(y. 
20 thet len! < u(y 
R 
n 1+ n 
hk pre’. 

and A len—x! kk! ( R 


In the light of these estimates it is clear that (3.4) is dominated by the 
series - 
1+H)\" | 
> 2M ore ”. 
n=1 
The desired convergence is therefore at hand when 


Bd 
1+H° 
Now, by hypothesis (iii) of Theorem 4, it follows that to each R > 0 


there corresponds an index m such that |z| = R and n > m imply 
|A,(z)|} < 1. Hence, (3.5) (with H = 1) is applicable to the entire 


aL (3.5) 


function f— 5 Cy, establishing the convergence of (3.4) for all r > 0. 
n=0 


This completes the proof that {«,} is a basis in I’, and the limiting 
behaviour noted previously in (3.2) shows that {«,} is proper. 

An interesting facet of the above derivation is that it furnishes at 
once a type of Cauchy inequality for expansions in the basis {«,,}. 
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THEOREM 5. Let {a,} be the proper Pincherle basis of Theorem 4 and 
let f be an entire function having the expansion 
f@)= > Cy % (2). 
n=0 
If M and H are constants such that 


f@)| <M, |A,(2)| <H 
hold for |z| = Rand n = 0, 1,..., then for all n the coefficients c,, satisfy 


the inequality . 
lenl < u(r) 


As noted in §1, any sequence {y,} of entire functions uniformly 
bounded on compact sets gives rise to a proper Pincherle basis of the 
form 


a,(2) = a 1 +27 rate). 


This direct consequence of Theorem 4 can be applied to show that the 
functions defined by normalizing the successive remainders of the 
exponential function, i.e. 


a,,(z) = nt {e— S i (3.6) 
k=0 
comprise such a basis. In fact, a simple calculation here yields 
lyn(2)| < el. 
We proceed now to generalize the basis construction given by (3.6). 


4. Functions of exponential type and proper Pincherle bases 
A general method for constructing proper Pincherle bases from entire 
functions of exponential type is contained in the following result : 


TueEoreM 6. Let ¢ be an entire function of order 1 and of exponential 
type, having the power-series expansion 
¢(z) = 2, tc. 


If ty 4 0 and {njt,,|¥"} (n > 1) has a positive lower bound (or, equivalently, 
if $(0) 4 0 and {|\6™(0)|¥"} (n > 1) has a positive lower bound), then the 
sequence {a,} defined by 

a(t) = 5-[40)— "5 tz] 


is a proper Pincherle basis in T. 


3695.2.9 E 
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Proof. Use will be made of the auxiliary function 


@ 


O(z) = 2 |al2"> 


n= 
which clearly has order 1 and is of exponential type. According to the 
usual formula for the remainder in a Taylor expansion, we have 


ee we. , _ OR.) pr, 
ng FT 2, ltel® pnag R 


\n! t,, | 





for some R,, between 0 and R. Since ®”(R) is non-decreasing for 
R > 0, and since, by hypothesis, |n!t,|"" > « > 0, there follows 
loins RIM” < Re OR) |" (n > 1). 
If + denotes the type of ®, then [(2) 11 (2.2.12)] 
lim sup | 0™( R) |!" = +. 
no 


Hence lim sup |«,,; R|¥" < Rre-}. (4.1) 


n-> © 
In view of the concluding remarks of §2 it is evident that all 
that remains to show is that {a,} spans [. To this end we note first of 
all that 


t 
2” = a,(z)— 7“ Oy +4 (2). 
n 


Thus, an arbitrary entire function f can be expressed as 
fe) = > 4,2? = s ay |y(e) — "222 anal} 
n=0 n=0 t., 


From Theorem 1, inequalities (2.1) and (4.1), and the fact that |a, |" — 0, 
we see that the series 5 |a,,,| and > |a,(t,,,/t,)a,,,| converge uni- 
formly on compact sets. It is therefore permissible to regroup terms 
to get 





fle) = agag(z) + > (2-2 44-a} aul (4.2) 
a=1 n-1 
the convergence being uniform on compact sets. This completes the 
proof. 
We observe further that (4.2) yields the coefficients of any entire 
function f in the expansion 


n=0 
as Co = Ay, ¢, = a, — ay (n > 1) 
n-1 


in terms of the Taylor coefficients a,, of f. 
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Taking {5,,} as the fundamental basis 
5,(z) = 2", 


we examine the correspondence between the functions f of (4.3) and 
the functions 


2 © t, 
g = ron 5, = @)55+ D. (0,—;"*-a,..] 8... 


n=1 


a 


In particular, this correspondence gives rise to the expansion 


g = 34, Bns (4.4) 


t 





where B, = 8,— 8 n+ 

From estimates similar to those employed in the proof of Theorem 6 
it is not difficult to show that {f,,} is a proper basis. However, this fact 
also follows directly from Theorem 3. For let 7’ be an automorphism 


of T such that 


T3. =a, (n= 0, 1....). 
Then Tq = T(S ¢,8,) = ¥ Cn % =f, 
n=0 n=0 
so that g = T-f = T>( ¥ a,3,) = ¥ a, T>%,. (4.5) 
n=0 n=0 


In view of the arbitrariness of f we see by comparing (4.4) and (4.5) that 
T-%3. = 68, (a = 0, I....). 
Hence, {8,,} is a proper basis in ’, and we have proved the theorem: 


THEOREM 7. Let ¢ be an entire function of order 1 and of exponential 
type, having the power-series expansion 


(z) =>4 =. 
If ty # O and {n}t, |¥"} (n > 1) has a positive lower bound (or, equivalently, 
if (0) 4 0 and {\g'"(0)|""} (n > 1) has a positive lower bound), then the 
sequence {B,,} defined by 
Bale) = 2*(1—"t2) 
is a proper Pincherle basis in I. 


When ¢ is the exponential function, the results of Theorems 6 and 7 
appear as special cases of Theorem 4. That this situation is not typical, 
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however, can be seen by taking for ¢(z) the series formed by selecting 
alternate terms of e* and e*: 


$e) = 14(22) 442 4 OF 


ote 


Then for even values of n the leading coefficient in A,,(z) has the numerical 
value 2"+!/(n+-1), so that 


lim sup V(A,) = +00. 


5. Some remarks on polynomial bases 

In the concluding paragraph of § 1 it was noted that (1.3) furnishes 
proper bases {a,} in which each a, is a polynomial of arbitrarily pre- 
scribed degree not less than n. I present here a simple linear-dependence 
argument which shows that the functions a, in any basis cannot ulti- 
mately be polynomials of degree less than n. 

Suppose that {«,} is a basis for a closed subspace I, of [. Indicating 
explicitly the dependence of the coefficients on the function, we can 


then write 
f= >«4(f)a, 


n=0 
for any f in I. The coefficients c,, are obviously linear functionals on I). 
That they are also continuous has been shown by Ganapathy Iyer 
[(5) 92]t for the case of T, = I’, and it is readily verified that this proof 
carries over to arbitrary closed subspaces J). 
Continuity of the functionals c,, leads at once to 


Lemma 1. If {a,} is a basis for a closed subspace T, of I’, then every 
subsequence of {x,} is a basis for some closed subspace of Ty. 


Proof. Let {a,,} (k = 0, 1,...) be a subsequence of {«,}. This sub- 
sequence is clearly a basis for some subspace I, of I, and it remains 
to show that [Tj is closed. Thus, let {f,} be a sequence of points of I, 
converging to some fe I’. Then 


2] 


fi = 2 om ns 
where c,,, = 0 for n #,. Since the hypothesis of 1, closed ensures 
that f is in Ty, we have i 

f= 2 Xn» 


and the assumed convergence of {f;} to f results in 


lim Cj, = Cy. 


jroo 


t+ See also Newns (10) 431-2. 
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Hence c,, = 0 for n ~ m%, proving that f lies in I, and thereby that 


I, is closed. 
This lemma is applied, in turn, to prove 


Lemma 2. Let {x,} and {8,,} be bases for a closed subspace T, of 1. Then 
to each integer p > 0 there correspond functions B,,, By,» Br, im {Bn} 


h that 
se Brg» Ba gomns Bn,» Ap+1» Rprgyeee 
is a basis in T). 

Proof. First of all, not every 8, belongs to the subspace A, spanned 
by a, 2% ,-.. since this subspace is closed and omits ay. Suppose that £,,, 
is not in Ay. Then the sequence 


Bags % 1s Bayes (5.1) 
is linearly independent, and 
Bn, = 2 hn Xn 


with b, ~ 0 and the convergence being uniform on compact sets. Thus 
x» is linearly dependent on the functions (5.1), so that these functions 
span I, and thereby comprise a basis in I. Repeating this argument 
with a, a ,..., %» in turn completes the proof. 

It should be noted that Lemmas | and 2 remain in force for absolute 
bases, but we make no use of this fact. 


THEOREM 8. Let {a,,} be a basis in T. If the functions «, are ultimately 
polynomials, then for infinitely many values of n the polynomial «, has 
degree at least n.t 

Proof. Assuming the assertion false, we have an index p such that, 
for n > p, each a, is a polynomial of degree not exceeding n—1. We 
then invoke Lemma 2 to replace a, «,..., «, by terms of {5,,} in such a 
way that 

Binge Onyree-> Sngs Mpsas Mp+as-r+ 
is a basis in . There follows 

m = Max(No, Ny +04) Ny) > Pp, 
and the functions a Se 8n,» Opagree+r Om +a 


consist of m+-2 polynomials of degree not exceeding m. They are there- 
fore linearly dependent, and this contradiction completes the proof. 


+ As is clear from the proof, the theorem remains valid when I is replaced 
by any subspace spanned by a sub-sequence of {5,)}. 














54 ON ENTIRE FUNCTIONS 


REFERENCES 


1. M. G. Arsove, ‘Proper bases and automorphisms in the space of entire 
functions’, Proc. American Math. Soc. 8 (1957) 264-71. 

2. R. P. Boas, Jr., Entire Functions (New York, 1954). 

3. —— ‘Expansions of analytic functions’, Trans. American Math. Soc. 48 
(1940) 467-87. 

4. V. Ganapathy Iyer, ‘On the space of integral functions (I)’, J. Indian Math. 
Soc. (2) 12 (1948) 13-30. 


5. —— ‘On the space of integral functions (II)’, Quart. J. of Math. (Oxford) 
(2) 1 (1950) 86-96. 

6. —-— ‘On the space of integral functions (III)’, Proc. American Math. Soc. 
3 (1952) 874-83. 


7. —— ‘On the space of integral functions (IV)’, ibid. 7 (1956) 644-9. 
8. 8. Karlin, ‘Bases in Banach spaces’, Duke Math. J. 15 (1948) 971-85. 
9. 8. Narumi, ‘A theorem on the expansion of analytic functions’, Téhoku 
Math. J. 30 (1928) 441-4. 
10. W. F. Newns, ‘On the representation of analytic functions by infinite series’, 
Phil. Trans. Royal Soc. A, 245 (1953) 429-68. 
11. R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex Domain 
(New York, 1934). 
12. 8. Pincherle, ‘Sopra aleuni sviluppi in serie per funzioni analitiche’, Mem. 
Reale Acc. Sci. Bologna (4) 3 (1881) 151-80. 























Se RADIA RN HN AR RR Ni Cai iis 1 Se sna ie bibs 2 is 


oe seme Aaa a hare AI tiles oo Cp! Mate eS 





OS Raia d nn thatthe asa 


Jala eit tah 








HOMOGENEITY AND ISOTROPY IN 
GEODESIC SPACES 


By F. RHODES (Princeton) 


[Received 5 March 1957] 


1. Introduction 

In his book [(1) V.2] Metric methods in Finsler spaces and in the founda- 
tions of geometry, Busemann characterizes Euclidean, hyperbolic, and 
elliptic spaces as geodesic spaces with unique geodesics in which triples 
of points of small enough diameter can be moved freely, and notes that 
the last condition is fulfilled if the space is isotropic at any two points. 
In this paper a direct proof is given that the upper bound of the diameter 
of triples which can be moved freely in such a space is two-thirds of the 
diameter of the space; and this result is extended to freely movable 
n-tuples of points of any geodesic space. For the larger class of spaces 
which are isotropic at one point, the corresponding results on the upper 
bound of the radius of sets of points which can be rotated freely about 
the point of isotropy are given. 


2. Geodesic spaces 

The point z of a metric space Z (with metric p) is said to lie between 

the points z and y of £ if it is distinct from them and if 
p(x, y) = p(x,z)+p(z,y). 
In symbols we write (xzy) when z lies between z and y. 

Busemann (2) has called a metric space £ a G-space if (i) it is finitely 
compact, i.e. a bounded infinite set has at least one accumulation point; 
(ii) given two distinct points zx, y, there is a third point z such that (xzy); 
(iii) to every point p of the space there corresponds a positive number 
p, Such that, for any two distinct points z, y within the solid sphere 
S(p,p,) having centre p and radius p,, a point z with (xyz) exists; (iv) 
whenever (xyz,), (wyz), and p(y, 2,) = p(y, 22) then z, = 2. 

Every pair x, y of points of a G-space is joined by a segment (an iso- 
metric image of a segment of the Euclidean line) 7'(z, y), which is unique 
if « and y belong to S(p,p,) for some point p; and every segment is 
contained in a unique geodesic (a unique locally isometric image of the 
whole Euclidean line). A G-space in which every pair of points lies on 
a unique geodesic is called an S.L. space. A one-dimensional (-space is 


Quart. J. Math. Oxford (2), 9 (1958), 55-62. 
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congruent to either the Euclidean line or circle. In the rest of the paper 
it is therefore assumed that the dimension of the space concerned is at 
least two. 

The diameter of a metric space E is 


sup p(z,y) (x,y € £). 
We require also the radius of a metric space E about a point z € E, which 
is here defined as sup p(z, x) (x € £). 


3. Homogeneity and isotropy 

A metric space is said to be homogeneous if it admits a transitive group 
of isometries. Every point of a homogeneous metric space can be mapped 
by an isometry on any other point of the space. We can describe this 
property by saying that single points can be ‘moved freely’ in the space. 
It is well known that all geometrical figures in the Euclidean plane can 
be moved freely there: in axiomatic characterizations of the Euclidean 
plane, however, no more than the free mobility of triples of points need 
be postulated. We distinguish between degrees of homogeneity of spaces 
by means of the classes of subsets which can be moved freely in the space. 
A metric space is said to be n-point homogeneous if every isometry between 
two sets of n (and between two sets of less than n) points of the space 
can be extended to an isometry of the space on itself, and locally n-point 
homogeneous if there exists a positive number 6 such that every isometry 
between two sets of n (and between two sets of less than n) points of the 
space of diameter less than 5 can be extended to an isometry of the space 
on itself. Sets of n points of an n-point homogeneous space, and small- 
enough sets of n points of a locally n-point homogeneous space, are said 
to be freely movable. 

A locally 3-point homogeneous metric space satisfies at every point z 
the following condition: there is a positive number 5 such that, for every 
set of four points u, u’, v, v’ for which 


plz, %) = p(z,w’) <8, p(z,v) = plz,v’) <8, p(u,v) = p(w’,v’), 
there is an isometry of the space on itself which maps w, v, z on wu’, v’, z. 
A metric space which satisfies this condition at a point z is normally 
said to be isotropic at z. Here, however, I shall say that the space is 
2-point isotropic at z, and introduce other degrees of isotropy corre- 
sponding to other degrees of homogeneity. A metric space will be said 
to be n-point isotropic at a point z if there exists a positive number 5 
such that every isometry which leaves z fixed and maps a set of n points 
within the distance 8 of z on an isometric set of points can be extended 

















ON GEODESIC SPACES 57 


to an isometry of the space on itself. I shall call such an isometry a 
rotation about z and shall say that n-tuples within 5 of z can be rotated 
freely about z. 


4. Homogeneity and isotropy in geodesic spaces 

In a locally n-point homogeneous metric space ‘small enough’ sets of 
n points can be moved freely, while in a metric space which is n-point 
isotropic at a point z sets of n points ‘near enough’ to z can be rotated 
freely about z. In a locally homogeneous (isotropic) G-space the maxi- 
mum size of freely movable (rotatable) sets can be given explicitly in 
terms of the diameter of the space (the radius of the space about the 
point of isotropy). 

The first theorem answers the preliminary question: when are two 
points of a homogeneous G-space near enough to ensure that they are 
joined by a unique segment? The corresponding question for isotropic 
G-spaces is also answered. 


THEOREM |. (a) Jf x, y are two points of a locally 2-point homogeneous 
G-space E which are joined by more than one distinct segment, then the 
distance p(x, y) is the diameter of the space; if the space is also unbounded, 
it has unique geodesics. 

(b) Lf a point x of a G-space E which is 1-point isotropic at z is joined 
to z by more than one distinct segment, then the distance p(z, x) is the radius 
of the space about z. 


In the first case suppose that 7;(x, y) and 7;(z, y) are distinct segments 
and that there are two points u, vin E such that p(u,v) > p(x, y). Asub- 
segment 7;(2, y’) of 7;(x, y) of length less than min(p,,5) can be mapped 
by an isometry of the space on itself on a subsegment 7;(u,v’) of a 
segment 7;(u,v). This isometry maps 7;(z,y) into 7,(u,v) and 7,(z, y) 
into a second segment 7}(u,v) which has a common subsegment with 
T,(u,v). But this violates condition (iv) for a G-space. 

Part (b) of the theorem can be proved in a similar way. 

The maximum diameter of freely movable pairs of points in a iocally 
2-point homogeneous G-space is the diameter of the space. That is to say: 


THEOREM 2 (a). A locally 2-point homogeneous G-space is 2-point 
homogeneous. 
We prove first the corresponding isotropy result. 


THEOREM 2 (b). Every point of a G-space which is 1-point isotropic at 
z can be rotated freely about z. 
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For let x, y be two points of the space equidistant from z and choose 

points x’, y’ such that (xx’z), (yy’z) and 

p(z, x’) = p(z,y’) < min(p,, 4). 
There is a rotation about z which maps 2’ on y’; this rotation maps 
T(z,x') on T(z, y’), and so x on y. 

It is clear from the definitions that a locally 2-point homogeneous 
space is 1-point isotropic at every point. The proof of Theorem 2 (a) is 
now completed by the following lemma. The corresponding isotropy 
result is stated, but the proof is omitted since it is similar to the proof 
of the first part of the lemma. 

Lemma 1. (a) A G-space is 2-point homogeneous if it is 1-point isotropic 
at every point. 

(b) A G-space is 2-point isotropic at z if there exists a positive number 8 
such that, for every set of three points x, y, u for which 


p(z,x) = p(z,y) <6, = p(z,u) <8, — p(w, x) = p(u,y), 
there is a rotation about z which leaves u fixed and maps x on y. 


To prove the first part of the lemma, let x, y and wu, v be two pairs of 
points such that p(z,y) = p(u,v). If z is the midpoint of a segment 
T(x,u), there are points x’, wu’ of T(x, u) such that (xx'z), (wuz), 

p(z, x’) = p(z,u’) 
and the segments 7'(z, x’), T(z, u’) are unique. There is a rotation about 
z which maps 2’ on wu’ and so x on uw. If w is the image of v under this 
rotation, there is a rotation about x which maps w on y. Hence the 
space is 2-point homogeneous. 

We now prove a similar lemmat for local n-point homogeneity. Again 
the corresponding isotropy result is stated without proof. 

Lemma 2. (a) A G-space is locally n-point homogeneous if there is a 
positive number 5 such that every isometry between two sets of n points 
(2, Xgy-++, Ly), (4, Xy,---,%,) Of diameter less than 8 which maps x, on x’, and 
leaves the other n—1 points fixed can be extended to an isometry of the space 
on itself. 

(6) A G-space is n-point isotropic at z if there is a positive number 8 
such that every isometry which leaves z fixed and maps n points (2,, X2,.-., XZ») 
all within 8 of z on n points (x',, %»,...,2,) can be extended to an isometry of 
the space on itself. 


t This was proved for n = 3 by Busemann (1) as part of the proof of his 
Theorem V 2.1. 











Sano eel y 
SR ara Lah at Ge ae batity 


“a 


Os TEE 


Te LL OC mae APTS er) 


aaa wags oe 


SAP Medea oN Se) ti Pal st deen. 


Bo aa 


werd ohana ee Sacral 





ON GEODESIC SPACES 59 


Lemma | (a) shows that Lemma 2 (a) is true when n = 2; so we can 
complete the proof of Lemma 2 (a) by induction on n. Suppose that the 
lemma is true for (n—1)-point homogeneity. Then, if a G-space satisfies 
the conditions of the lemma, it is certainly locally (n—1)-point homo- 
geneous. Thus, for any two isometric sets of n points of diameter less 
than 5, there is an isometry of the space on itself which maps n—1 
points of one set on n—1 points of the other set. By the conditions of 
the lemma, there is an isometry which leaves these n—1 points fixed 
and maps the nth point of one set on the nth point of the other. Hence 
the space is locally n-point homogeneous. 

The main theorem of the paper now follows. 


THEOREM 3. (a) Inalocally 3-point homogeneous G-space of diameter d, 
triples of points of diameter less than 3d can be moved freely. An unbounded 
locally 3-point homogeneous G-space is 3-point homogeneous. 

(b) Lf a G-space of radius d about a point z is 2-point isotropic at z, 
pairs of points within 4d of z can be rotated freely about z. 

As before I give only the proof of the homogeneity form of the theorem. 
The modifications required for the proof of the isotropy form of the 
theorem are slight. 

By Theorem 2, the space is 2-point homogeneous, from which it follows 
that two points less than the distance d apart are joined by a unique 
segment. Let y, z, u and y, z, v be two isometric triples of points of 
diameter less than $d, and let S be a sphere with centre z and radius 8 
such that triples of points within and on it can be moved freely. Now 
let u’, v’, y’ be the unique projections of u, v, y on S; i.e. u’ is such that 

(zu’u) and p(z, wu’) = 3, ete. 

If p(y’, u’) = p(y’, v’), there is an isometry which leaves z and y’ fixed 
and maps wu’ on v’. This isometry leaves y fixed and maps u on v; hence, 
by Lemma 2, triples of diameter less than 3d can be moved freely. I 
show that the assumption p(y’, u’) ~ p(y’, v’) leads to a contradiction, 
so that indeed p(y’,u’) = p(y’,v’). Suppose that p(y’, u’) > ply’, v’); 
and consider the set of points between u and y and the set of their 
projections on S. Every point of T(u,y) is less than the maximum 
distance d from z and therefore has a unique projection on S. Moreover, 
the condition (iv) for G-spaces ensures that these projections are distinct. 

When the points are near enough to u, their projections are further 
from y’ than is v’; and, when they are near enough to y, their projections 


t Elliptic spaces of diameter greater than 1 are bounded locally 3-point 
homogeneous S.L. spaces, but are not 3-point homogeneous. 
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are nearer to y’ than is v’. It follows from Busemann’s theorem on the 
convergence of geodesics [(1) 1.3.6] that the projection of 7'(u, y) on S 
is a simple arc. Consequently, there is a point w between u and y whose 
projection w’ on S is the same distance from y’ as is v’; i.e. 


ply’, wv’) = ply’, v’). 
The points z, y’, v' can be mapped on the points z, y’, w’ by an isometry 
which maps v on a point x, say, such that 
p(z,x) = p(z,»), ply, x) = ply, v) 
and either (zzw) or (zwx) or x = w. 

From the original assumption that y, z, w and y, z, v are isometric, it 

now follows that 
p(z,2) = p(z,u), — ply,) = ply, u). 

We complete the proof of the theorem by showing that x, w, u are 
the same point, and thus that w’ = w’ and p(y’, wu’) = p(y’,v’). This is 
clear if x = w. 

Suppose that (zw). From the triangle inequalities for zuw and xrwy, 


we have p(z, u)+p(u, w) - p(z, w) = p(z, x)+ p(x, w) 


with equality only if u lies on 7'(z,w); and. 
p(w, y) > p(x, y)— p(x, w) 
with equality only if w lies on 7(x,y). Thus 
plz, x) + p(x,y) < plz, u)+p(u, y), 

with equality only if both these conditions hold. Since the two sides 
of the inequality are in fact equal, u lies on 7'(z,w); and, since also 
p(z,u) = p(z, x), it follows that u is x. Moreover, w lies on T(x, y), and, 
since the union of 7'(z, x) and 7'(x, y) is not a segment (except in the trivial 


case where zvy and zuy are linear triples), it follows that z is w. 
Finally, suppose that (zwx). Then 


p(x, Y) < p(x, w)+ ply, w). 
However, p(x, w) = p(x,z)—p(w,z) = p(u,z)—p(w, z), 
and further p(u,z) < p(u, w)+ p(w, z). 
Hence p(x,y) < p(u,w)+ply,w) = plu, y) = p(z,y), 


with equality only if w lies on T(x,y) and on T(u,z). It follows that 
u, x, w are the same point. 
It is now easy to prove the n-point analogue of Theorem 3. 
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THEOREM 4. (a) Inalocally n-point homogeneous G-space of diameter d, 
n-tuples of diameter less than $d can be moved freely. An unbounded locally 
n-point homogeneous G'-space is n-point homogeneous. 

(b) If a G-space of radius d about a point z is n-point isotropic at z, 
n-tuples within 4d of z can be rotated freely about z. 

We may suppose that n > 3. Let (u, z, 2j,..., 2,9), (U, Z,24,-+-) Zp—g) be 
two sets of n points with n—1 points in common of diameter less than 
3d such that 

p(u,z) = plv,z), —p(u, xj) = p(v, x) 
for every integer i not exceeding n—2. Further, let wu’, v’, x; be the 
unique projections of uw, v, z; on a sphere S with centre z and radius 
less than 5. 

If p(u’, x) > p(v’, x) for some integer i < n—2, then there is a point 

w,; of T(u,x;) whose projection w; on S satisfies the equation 

p(w, x) sa plv’, xi). 
We can map z, 2}, v’ on z, z;, w; by an isometry of the space on itself; 
but this gives rise to an impossible figure as in the proof of Theorem 3. 

Thus p(w’, x) = p(v’,2;) for every integer i < n—2; and there is an 
isometry which leaves z and every x; fixed and maps w’ on v’. This 
isometry leaves every 2; fixed and maps u on v. Lemma 2 now completes 
the proof of the homogeneity form of the theorem; the isotropy form is 
proved in almost the same way. 

A locally n-point homogeneous metric space is clearly (n—1)-point 
isotropic at every point, and it follows from Lemma 2 that a G-space 
which is (n—1)-point isotropic at every point is locally n-point homo- 
geneous. However, it is easy to see that a G-space which is isotropic 
at two non-conjugate points is locally n-point homogeneous. 


THEOREM 5. A G-space of diameter d which is (n—1)-point isotropic 
at two points less than the distance d apart is locally n-point homogeneous. 
If the space has unique geodesics and is (n—1)-point isotropic at any two 
points, it is locally n-point homogeneous. 

It is only necessary to show that the space is 1-point homogeneous, 
and this is contained in the following proof that 1-point isotropy at two 
points implies 2-point homogeneity. 

Suppose the space is 1-point isotropic at the points z and y. Let 
ue T(x,y),v¢ T(x, y), w € T(u,v), and let z be the point such that (zwy) 
and p(z,y) = p(z,y). If the space has unique geodesics or if p(x, y) < d, 
the points z are distinct from each other and from z. By Busemann’s 
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theorem on the convergence of geodesics, the set of points z, constructed 
from a fixed segment 7'(u,v), is a simple arc with x as one end-point. 
For each point z there is a rotation about y which maps z on z, and hence 
the space is 1-point isotropic at z. Since the space is also 1-point isotropic 
at x, it is 1-point isotropic at every point of a sphere with centre x. It is 
easy to see that the set of points of isotropy is both open and closed, and 
is therefore the whole space; whence the space is 2-point homogeneous. 

Finally, we characterize isotropy at a point z in terms of homogeneity 
of spheres with centre z. 

THEOREM. 6. A G-space of radius d about a point z is n-point isotropic 
at z if and only if spheres with centre z and radius less than 4d are n-point 
homogeneous under the group of rotations about z. 


The condition is clearly necessary, and the proof of its sufficiency is 
contained in the proof of Theorem 4. 
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NOTE ON A STEP FUNCTION 
By S. M. SHAH and 8. K. SINGH (Aligarh) 


[Received 21 February 1957] 


1. Introduction 
In this note we prove a relation satisfied by a step function with ‘unit 
jumps’ and apply it in the theory of entire and meromorphic functions. 


THEOREM. Let f(x) be a step function such that 


fie) = 1, 


where r, (0<4r, Sry <...; 7, > © with n) 


are jump pointst of f(x); and let 
I(x) = {? dt, 


1 
log f ) = B, lim inf - log f(x) (=) _ 





arene log zo loge . 
where 0< B<o, 0<A< om. 
I(x) < A 
Then J(f) = lim eu ————- < l——., (1) 
y= ee fayloge <'—B 
CoroLiary 1. We have [(2) Theorem 3], for0 < A <0,0< Baw 
tim inf 082 < Wf) < ~> (2) 


roa loglogx ~ 
It is easily seen that 
log f(x) 
H(f) = lim inf log: slags <0 


if and only if G(f) = Hina inf nf oe ae <oo. Hence the left-hand in- 


equality of (2) may be useful only when G(f) < oo and hence when 
A = 0. It is obvious that we may have 


A=0, Gf)=H(f)=0 


+ A jump point is repeated as many times as there are units in the jump. 
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Corotuary 2. Let 
(i) F(x) be integrable in any interval (1, X), 
(ii) F(x) ~ f(x) as x-> 0, where f(x) is a step function defined in the 








theorem, 
(ii) limeup“S7@) 5 = timing SFO 4 
zo logz z-o loge 
where 0< B<w;0<A< em. 
Then UP) <1—4. (3) 
Proof of (1). We may suppose that r, > 1. Thent 
I(e)= > log = fla)logx— ¥ logr,. (4) 
4 
; log f(x) logn _ 
ce are P log x 7 Piogr,, logr,, 


Hence log n/logr,, < B+-e for all n > no, 
1 
2 lB > O01) + Be > log n. 
If N be the largest integer such that ry, < x, we have 
1 1 
—ee Ff) + N = , 
Sete > pW logN+OW)} = pL fla) log f(x)]-+Of fe) 


and so 1 
U(x) <f(z)logz— p— fix) log fiz)+ Of f(x)}, 








1 ,. . log f(z) A 
J(f) < 1——— lim inf = 1l— : 
(f) ic. a EE 
and (1) follows. 


Proof of Corollary 2. Put 
F(x) = f(x)+9(2). 
Then g(z) is integrable in every interval (1, X) and 


g(x) = of f(x)}, 


=z Fit) z 
{= — a = {? dt +o0{F(x) log z}. 
1 i 


{ {FO/t at ‘4 


Sees SUP) « Nase ec _A 
i ee ates 7 FV) < '—5, 


t From (4) we have J(f) < 1lforO0 <A <B<o. 
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2. Applications 
Let ¢(z) = p32 a,, 2” 


be an entire function of order p (0 < p < 0) and lower order A and let 
u(r) = »(r,¢) denote the maximum term and p(r) its rank. It is known 
(3), (4) that 


lim sup 


log »(r) _ p, lim inf OM) _ , 
ro ogr r 


ro og 

| - v(t) 

og M(r) ~ log p(r) = e+ [Pa 
i 


Hence from (1) it follows thatt 
log M(r) <1 A (5) 





lim sup 


r+o v(r)logr = p 
Similarly, if n(r,a) denotes the number of a-points of a meromorphic 
function ®(z) in |z| < r and if 
N(r,a) = | mec) 8) dx +-n(0,a)logr, 





N(r,a) <1 A, (a) 





th i — , 
3 gone ~~ 
where 
; log+n(r, . . alogtn(r,a 
lim sup “emt = p,(a), liming 28") = A,(a), 


it being assumed that 0 < p,(a) < 0; 0 <A,(a) << ©. 


3. Examples 

To show that (1) gives the best possible result we construct a step 
function f(x, «) for which, for one suitable value of «, the equality sign 
holds in (1), and for every other value of « the inequality sign holds in 
(1). We also give examples to show that, when A = B = 00 or when 
A = B = 0, J(f) may have any assigned value a such that 0 < a < 1, 

If0 <A = B <, it follows from (1) that J(f) = 0. We give an 
example to show that the converse is not true: that is, we may have 
J(f)=0, AFB. 

In what follows, we suppose that (z,,) is a sequence of positive numbers 
increasing sufficiently rapidly. 


+ R. P. Srivastava has proved (5) by a different method ; see Ganita 7 (1956) 
29-43. 
3695.2.9 F 

















66 S. M. SHAH AND S. K. SINGH 
(1)jt LettO<A< B<w,1<a< B/A and let 





[x] when ze J, (x, <4 < 2%), 
f(x, «) = f(x) = { [wtxB-“4] when ve I, (a < x < e*), 
[x] when ze J, (e** < 7 < 2,4; m = 1,2.,...). 
Then lim sup log fiz) _ B, lim in 08S) = A, 
20 log ro log x 


Further, for x in J, 


I(x) _ xB log(x/x,)+O(x®) — 182m 


J(f.2) = f(x)logx — x? log x log” 








Hence, for x in J,, 
J(f,e) < 1-a+0(1), 


J(f,23) = 1—a-1+0(1). 
Similarly, for x in J,, 


J(f,2) <1—a-+0(1). 
For z in J,, 


eB —eBr, 


J(f,2) = B + O(2f-*4e4e)} /eP log x = (1). 





Hence J(f) = limsupJ(f,z) = l—an. 


(2) Let 


f(x, «,B) = f(x) = [x2] when x, <2 < X,, = ah 4,(log xy), 


[X,2*=] when X, <2 <7z,,,, n = 1, 2...., 


where either 0<a <1, or a=0, B>1, or a=1, B <0. Then 
A= B= and J(f) = l—a. 


(3) Let 
f(x, A) = f(x) = {(logx)4loglogx} (A > 0), 
h i et. 
then A=B=0, J(f) AGI’ 
(4) Let f(x) = {exp(log log x)*}. 


Then A = B = 0, J(f) = 0 [see (1) Theorem 8b}. 


t We thank the referee for Examples 1 and 2. The examples that we gave 
were rather length~’. 
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(5) LetO << A< B<o, 
X,, = expflog x, (1+ 1/log log z, )}, 
Blogz 
= og Xo 
[xr] (z, <2 < X,), 
fix) = {[x4X0] (X, <2 <e%), 





[x] (em <2 < ayy). 

Then 
limeup 8S) __ pg timing 8S) _ 4, 
rT-@ ] x i neo) og x 
J(f) = 0. 
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ON HADAMARD COMPOSITION WITH 
ALGEBRAIC-LOGARITHMIC SINGULARITIES 


By R. WILSON (Swansea) 


[Received 28 March 1957] 
1. Introduction 
Let f(z), g(z) be two functions represented by the Taylor series 
f (z) = ag +a, 2z+a,27+...+a, 2*+..., 
g(z) = bo +6, 2+6,27+...+6, 2"+..., 
each of finite, non-zero radius of convergence. Then we have [(1) 346-7, 
(3) 731, (4) 157-9]: 

THEOREM A. The star-domain of the Hadamard composition function 
of f (z) and g(z), 

h(z) = a9 b9+a, 6, z+-a,b, 27+... +a, 5, 2"+..., 
contains the products of the star-domains of f(z) and g(z). 

This does not tell us where the singularities of h(z) must lie but only 
where they may lie. However, Pélya has dealt with the case in which 
f(z) has on its circle of convergence only one singularity, at z = a, 
say, while g(z) may have on its circle of convergence any kind of singular 
point or singular arc. Let z = £ be a point on the circle of convergence 
of g(z) at which it is singular. Atz = 8 there may be a unique singularity: 
that is, one which is isolated on the circumference of the circle of con- 
vergence, or a limit-point of such unique singularities, or z = 8 may be 
an end-point or an interior point of a singular are of the circle of con- 
vergence over which the singularities are dense. The problem is to 
determine whether the point of is singular for h(z) or not. 

This problem has been solved by Pélya in a number of important cases 
[(3) 766-8 Th. VIII] and, in particular, he obtained the result given in 
the theorem below: 

THEOREM B. [f the sole singularity of f(z) is a pole at the point z = a, 
then the point «8 is singular for h(z) whatever kind of singularity g(z) may 
have at the point z = B. 


Since, in this case, 


lim la,,|*™ re |a|-?, lim sup [6,,|?” rr, |B|-, 
nD no 
it is clear that |z| = |aB|-1 is the circle of convergence of h(z), but it is 


Quart. J. Math. Oxford (2), 9 (1958), 68-72. 
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not obvious that every point f of a singular arc of g(z) will give rise to a 
singular are at the corresponding points af for h(z). In fact, if we replace 
the pole at z = a by an essential point, then the result does not necessarily 


follow. For example, let 


f(z) = > F(n)z", where F(z) = II (1—z/n?), 
0 1 


g(z) = > 2. 
0 


Then A(z) = 0. Here f(z) has an isolated essential point at z = 1 while 
g(z) has the circle |z| = 1 as a natural boundary. 

The object of the paper is to show that the result of Theorem B 
continues to hold if the pole at z = «is replaced by an algebraic-logarith- 
mic singularity with a single dominant element. 


2. The algebraic-logarithmic singularity 
An algebraic-logarithmic singularity at z = « consists of a finite 
number of elements of the form 


(z—a)-[log{(z—a)-*} ys, (z), (1) 
where res, = o,, k, is a non-negative integer, and y,(z) is regular and 
non-zero at z = a, the combination of k, = 0 and s, a negative integer 
being excluded [(2) 274]. If s, 40, —1, —2,..., the number pair 
[o,,k,] is called the weight of the singular element (1), while, if s, = 0, 
—1, —2,..., 4, > 0, the number pair [s,, k,—1] is defined to be the weight 
of (1). The weight [o,,, k,,] is said to be greater than the weight [o,, k,] if 
o, >o,, or when o, = 0,, if k, >k,. The weight of the complete 
singularity is defined to be that of the strongest element. When there is 
only one such element, it is said to be dominant, and it is the case of an 
algebraic-logarithmic singularity with a single dominant element which 
arises here. 

There is no loss of generality and some convenience in taking « = 1. 
Consider the expansion of the algebraic-logarithmic element at z = 1 


a 


(1—z)~flog{(1—z)-}*¥ = x a, 2". (2) 
Jungen [(2) 268-73] has shown that 


o-1 tt 
oh rel > FAny(lognjt-” (8 # 0, —1, —2,...), (3) 
0 


a, = (— 1)kT'(1—s)n*-2 5 $,(n)(log n)k- (s = 0, —1, —2,...), (4) 
0 
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where b(n) ~ Cyt oB aes 


Now consider the algebraic-logarithmic singularity at z = 1 with p 
elements of which only one is dominant, 


»3 A,(1—z)-[log{(1—z) 4} ]* = Sa, 2”, (5) 
Here, from (2), (3), (5), 
-2 “fey + > bar(n)(log n)ke-» 6) 


with appropriate modifications should the case under (4) arise. 
It is convenient to take as an interpolating function for the coefficients 
a,, of (6) the function si defined below 


Fe) => “tan He buleNogs , (7) 


for which a, = F(n) when x = 0,1,2,.... Here it is of importance to 
determine the region of validity of the asymptotic expansion of the 
functions ¢,,(z). As in (3) and (4), these come from the asymptotic 
expansions of the ['-function and its derivatives. Whittaker and Watson 
[(5) 276-9] give an asymptotic expansion for log T(z) valid in 
largz| < m—8, for arbitrarily small positive 5, and for every 8’ > 6 this 
is also valid over an infinite strip about each radius in the region. Hence 
Lemmas 2 and 3 of Jungen [(2) 270] apply, and it follows that the 
asymptotic expansions of the ¢,,,(z) in (7) are valid in jargz| < 7—8’, 
where 8’ is positive but may be arbitrarily small. 

Let the singularity defined by (5) be of weight [o,k]. Since there is 


only one element of greatest weight, it follows from (7) that 
f i 8 
noo ire-*(log r)*| 7 


where C is some positive constant and res = o. Thus, for r > ro, it 
sai ih IF) <er, [Fil >e, (9) 


where r, is determined by the arbitrary positive «. Since F(z) is regular 
except at the origin and infinity, it follows that both F(z) and 1/F(z) 
satisfy the requirements of the special case of the Le Roy—Lindelof 
theorem stated in the Lemma below [(1) 340-6], provided that certain 
adjustments are made. 
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Lemma. Suppose that G(z) is regular in the half-plane re z > « and 
that, for every arbitrarily small positive « and for sufficiently large p, 


|G(a+pe)| < e” 
for 4n <b < 4a. Then the function represented by > G(n)z” is regular 
0 


everywhere except perhaps at points on the closed segment (1,00) of the 
positive real axis. 


It is clear from the lemma that coefficients F(n) cannot be interpolated 
unless n > a. In the same way, when the function s 2"/F(n) is under 
0 


consideration, the coefficients are not interpolated unless n > r, to 
avoid the difficulty arising in the exceptional case in which F(z) may be 
zero for some n <9. Without in any way affecting the results of 
Hadamard multiplication, the initial terms in either of the series 


s F(n)z", s 2"/F(n) can, in fact, be taken arbitrarily. Assuming this to 
have been dono where necessary, it follows that both functions repre- 
sented by the series > F(n)z" and 5 2"/F(n) are each regular along the 
entire plane cut along (1,00). 

We now consider the Hadamard product of (5) and g(z) = >, 2*, 
namely p3 F(n)b,,2". From Theorem A the star-domain of this function 


contains the product of the star-domains of > F(n)z" and s b,2". We 
D 0 
next consider the Hadamard product 


@ an @ 3 
> F(™)bn Fay = > b, 2”. 
Again, from Theorem A, it follows that the star-domain of > b,, 2" con- 


tains the product of the star-domains of > F(n)b,,z" and > 2"/F(n). 
These two results cannot, however, both be true unless the vertices of the 
star-domains of > b,, 2" and of > F(n)b,,2" are the same. In particular, 
the singularities of each of these functions on their circle of convergence 
must be at the same points. Hence we have the following theorem: 


THEOREM 1. [f the sole singularity of f(z) in the finite part of the plane is 
an algebraic-logarithmic point with a single dominant element at z = a, then 








i 
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the point af is singular for h(z) whatever kind of singularity g(z) may have at 
the point z = 8 on its circle of convergence. 

By use of a certain process of dissection, this result can be extended to 
the case in which a and f are any vertices of the star-domains of f(z) and 
g(z) respectively, under conditions stated by Pélya [(3) 768-72 Th. IX], 
namely: (i) in each case the set of vertices is countable and has no 
limiting point in the finite part of the plane; (ii) no pairs of indices (, v), 
(u’, v’) exist for which «, 8, = «,-8,. The application of Pélya’s methods 
leads to the theorem below. 


THEOREM 2. If the star-domains of f(z) and g(z) satisfy conditions (i) 
and (ii) and if f (z) has an algebraic-logarithmic point with a single dominant 
element at z = a, then the point af is singular for h(z) whatever kind of 
singularity g(z) may have at a vertex z = B of its star-domain, 
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RINGS OF INFINITE MATRICES 
By H. F. GREEN (London) 
[Received 29 May 1957] 


Let X(«) denote the set of all infinite matrices which map a sequence 
space « into itself, the series which arise in the transformations being 
absolutely convergent [298]. It is known that L(«) is a ring when « 
contains ¢ and is normal [313], whereas X(C) is not closed under 
multiplication and is therefore not a ring [307]. The space C is the space 
of all stationary sequences. 


TuEoreM. Jf «a > ¢and Y(a) is closed under multiplication, then X(«) 
is a ring. 

It is sufficient to show that X(a) ¢ U(a**) [312]. Suppose that 
Ae X(a) and weéa*. The matrix U whose first row vector is u and 
whose other row vectors are zero belongs to X(a), and hence UA belongs 
to X(a). The first row vector of the matrix UA is A’u. It follows that 
A'u € a* [299]. Hence A’ ¢ X(a*) and A € X(a**) [300]. This proves 
the theorem. 


REFERENCE 
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ON DOUBLY STOCHASTIC TRANSFORMS 
OF A VECTOR 


By M. MARCUS (Vancouver) 
[Received 29 July 1957] 


Introduction and notation 

Let A = (A,,...,A,) be an n-vector with real coordinates, and consider the 
n! points PA where P varies over all n-square permutation matrices. The 
convex hull of these points is a set that arises in various contexts (1), (2), 
(5), (6). We investigate here some of its properties when A is a real 
n-vector with distinct components. Fortunately there are well-known 
inequalities [(1), (2)] describing the set, and our arguments rest heavily 
on these. In particular we obtain some information about the structure 
of points lying on support planes of the set. 

S is a p-square doubly stochastic (d.s.) matrix if 


for all i, j = 1,..., p. Q, will denote the totality of d.s. matrices of 
dimension p. If A and Bare respectively p-square and g-square matrices, 
then A-+- B is their (p+-q)-square direct sum. More generally, if A, is a 


p;Xq,; matrix for j = 1,..., m, then s . A, denotes the direct sum. If A 
j=1 


is any matrix, it will prove convenient to distinguish the sums of the 
elements by rows and by columns as follows: 


o,(A) = A Pa a(A) = 2, PT 


A partition of a set « of m integers ordered in increasing size will be 
a sequence [k,, k,,..., k,] of positive integers such that « can be decomposed 
into t disjoint sets a,,..., a, with k, elements in «, satisfying the conditions: 


(a) the elements of each «, are arranged in increasing size; 
(6) ifxea; and yea, andj < s, then x < y; 


t 
c k; = m. 
0 Bh 
If 7, and 7, are any two partitions of «, then 7, 7, denotes their common 


refinement. For example, if « = {1, 2,...,9} and 


m, =([2,3,4], 7, =[5,3,1], 
Quart. J. Math. Oxford (2), 9 (1958), 74-80. 
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then 7, 7, = [2,3,3,1]. It is obvious that 7,7, has at least as many 
elements as 7, or 7, and at least one more if 7, + 7». 

We assume, unless it is otherwise stated, that A; > A;,,(j = 1,....n—1) 
and we denote by H,,(A) the convex hull of the points PA where P varies 
over all the n! permutation matrices in Q,. It is well known (4) that 
H,,(A) is the intersection of the following half-spaces and hyperplane: 


su < dm (1) 
4 = 3%» (2) 


where | <k <n, 1 <i, <... <i, <n and the t, are current coordi- 
nates. Moreover, from Birkhoff’s result on Q,, (2), we know that 
H,,(A) = {t|t = SA, Se Q,}. (3) 
A complete account of the connexions between H,(A) and Q,, is con- 
tained in (5) Theorem 1. 


Results 
(The author wishes to express his thanks to Dr. Morris Newman and 


Professor Ky Fan for their valuable suggestions.) 
THEoreM 1, Let 7, = [hy,...,km], 7 = [€y>-++5€,] be partitions of the 
integers 1,...,n and assume that 


S= PSS; =3-7 (4) 


with S;e Q,,, T;€Q,, and P a permutation matrix in Q,. Then, if 
T = 1, 7, = [Py,---5 Pp], there exist K; € Q) (9 = l.,..., v) and a permutation 
matrix Re Q,, such that “ 

RS =>.K,. (5) 


j=1 
Proof. The proof is by induction on n with nothing to prove for n = 1. 
We suppose as the first case that k, = e,. Then write (4) as 


i F.8) = 743.7, 6 
P(S,+3-8) = B+ 2-7 (6) 
We first assert that the permutation 7, corresponding to P has the 
property T(J) © {Lye-+y ky} (7) 


for j € {1,...,k,}. For, if r,(j) > &,, there would be at least one non-zero 
element somewhere in row 7,(j) and in one of the columns l,..., k, of 


z .T;, which is a contradiction. 
=1 
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Thus by (7) we have P=P+P, (8) 
with 7,,(j) € {k,+1,...,} for j € {k,+1,...,.n}. Define Le Q,_,, by 

= P,>.8,=>.7, 9 

, Be, s; p> : (°) 


and apply the induction hypothesis to obtain a permutation matrix 
R, € Q,_,, and a set of E; € Q,,,, where 


He = [hg,..., Han Ogs---5 €p] = [6y,---5 He], 


such that R,L= 2 Ey (10) 
| = 
But then 


8S = P(8,+ 5) = PS +R YS; = P.S,4+L = P,8,+R, RL 


= PS, +R > B= (R4R)(S+ > -#). (11) 
j= = 
It is clear that 
See ee) eee | eee 
and we achieve the statement (5) by setting 
R=P,+R, K, = 4, Kj. = Ej, r= kh, 


Pir = Uy, v=c+l 
for j = 1...., ¢ 


We next consider the case k, + e, and we assume without loss of 
generality that k, > e,. Now, since there exist n—e, rows ofS . 7; with 
zeros in the first e, columns, it follows that 

k,—e, = (n—e,)—(n—ky) 


rows of S, must have zeros in the first e, columns. 
It is then clear that we can choose a permutation matrix Q € Q,, such 


that 
Qs.s = (5 a} $8 (12) 
As : Sy 8, Pa 4 
with dimensions as follows: 
Sy: Xe, Sy: (ky —€) Xe, 
Sys: €, x (ky—e,), Soo: (k,—e,) x (ky—e,), 
and S,, a matrix of zeros. We have 


o,(8};) =o, = o,(S,;), o,(S;2) = 0, 
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and thus S,, = 0. Hence, from (12), — 
m m m r 
S — P 8S = 2 ° = P j i SS = Re 3 
2S = PLES 8, = PO (Sut Sut 3-8) = 3-7 


But now S,, and 7; are the same size, which is the situation in the first 
case, and the proof is complete. 

We see from (3) that any point t € H,(A) is of the form t = SA for 
SeQ,. The next result describes the structure of S when ¢ lies on one 
of the support planes (1). 

TuHEoReM 2. If t = Sd lies on one of the support planes (1) of H,(A), 
there exist positive integers p and q, a pair of d.s. matrices S,, S, 

(S, € Q,, 8S, € Q,) 
and a permutation matrix P € Q,, such that p+-q = n and 
t = P(S,+58,)A. 

Proof. We remark first that for purposes of this argument it is only 
necessary to have A, > A;,, for j = 1,...,n—1. 

Suppose that ¢ satisfies 

titty tet, = At. +Ap, (13) 
where 1 < p < n—1. It follows from (2) that, if j,,..., j, is the comple- 
mentary set of 4,,..., ¢, in 1,..., n, then 

t+...+t = Apsrte+An- 
Also, if ¢,,..., €, is a subset of j,,--+) jg then 
te, fone the, hy, foe thy, < Ay te traps 


(14) 


i.e. by (13), 
be, eave tele, < Agee tApap— (Antone bAp) = Apart tArep: (15) 
Now set 
WP = (Leyenent,)y ET = (Lyyreeen yg» AP = (Atvroes Ap) 
AT = (Ap sarees An) 
and from (13), (14), (15), (1), and (3) we conclude that 
i? = 8, ?, tt = §,A* 
with S, ¢ Q,, S,€ Q,. Choose a permutation matrix P € Q,, such that 
P(e its =t, 

and then 

t = P(tpita) = P(S,AP+S,d%) = P(S,+5,)A°+A%) = P(S,+5,)A- 

We next consider the extent to which this representation is unique. 
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THEOREM 3. Let t = (S,+8,)A (S, € Q,, S, € Q,, p+q = n) and sup- 
pose thatt = TA, TE Q,. Then there exist T, € Q, and T, € Q, such that 


T = 7,+T,. (16) 
Proof. Let 8S, = (a,;), S, = (6;;), T = (dj). Then 
t= TA = (S,+4S8,)A 


implies $ a, = 3 dja, (é = Rovio p). (17) 
i=1 f=1 
i=1 
Then Fam $ 3 dy =p. (18) 
r=1 i= j=1 
Now sum the equations (17) to obtain 
n 
A; = A A;. 19 
be j Ss yt 2 i (19) 
Also note from (18) that 
Pp n n 
l—s,;) = p— = p— ont 
¥ (1-4) = p— $a =p—(S4j— Sa) 
= _— _ 8 = 8;, 
p—(p j-Be i) jeer . 
and Dd 8A; S Apa Dd 85 =Apyr $ (1—s,). 
j=prtl j=p+1 j=1 


Combining this with (19) we have 


Sa—a, < Apes, > (18), S09) Apa) <0. (20) 
Since A;—A,,, > 0 for j = 1,..., p, we conclude from (20) that s; = | 


(j = 1,..., p). Now let 
7, 2 
pa (ti 44 


with dimensions 
T,: pXp, T,: px(n—p) = pxq, 
T;: (n—p)xXp=qxXp, TT): (n—p)x(n—p) = q xq. 


Then o(T,)-+0,(T,) = p = 34 = o,(T,); 
so o(T;) = 0, T, = 0. 


Also o,(7;) —_ (7) =P, o,(T;) = ¢, 
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and hence 
4 
% = o,(7’) = 2 oT) _ p+o,(T,)+n—p = n+o,(7;). 

Thus T, = 0. 
This completes the proof. 

Combining our results so far we have 

THEOREM 4, If t = Sd is on a support plane (1), then 

S = P(S,+8,) (21) 

with the same notation as Theorem 2. 

We are now in a position to discuss the structure of S when ¢t = SA 
lies on more than one of the support planes (1). We shall say that point 
t € H,(A) lies on k support planes of different size of H,,(A) if there exist a 
set of positive integers 1 < m, < m, < ... < m, < n—1 and acollection 
of sequences of positive integers 

1 < ty <= tye < wo < Lim < n Qj = Rie aig k) 
my 
such that > ty, = DA, (j = 1... &). 
g=1 g=1 


THEoreM 5. If t = SA lies on k support planes (1) of different size of 
H,(A), then there exist a permutation matrix Re Q,, and a partition 


[Uy,.0.5U»,} Of 1,..., m such that m > k+-1 and 
S=R3.K, (22) 
j= 


with K;€ Q,, (j = 1,..., m). 

Proof. We see from Theorem 4 that for each m, there exist S,,; € Q,,,, 
and a permutation matrix P; € Q,, for which 

S = P(S,;+Sy;) (j = 1. &). 
Then P, P(Syt+Sq) = (Sie + Seq). 
It follows from Theorem 1 (since m, < m,) that we can secure a permu- 
tation matrix R € Q,, such that 
RS = T,4T, +7, 


We repeat this process using RS and P,(S,3+S,3) and so on until the 
relations (23) are exhausted. The fact that the m, are increasing assures 
us that at each stage we introduce at least one new block in the decom- 
position of S, and hence there are at least k+1 blocks at the end of the 


process. This completes the proof. 


S35 € 22, —mj 
(23) 











80 ON DOUBLY STOCHASTIC TRANSFORMS OF A VECTOR 


Some Remarks. It is clear from (22) that, ifk = n—1, then tis a vertex 
of H,(A). If k = n—2, then 
S=0P+(1-4Q (0<@<1) 
for P and Q permutation matrices, and ¢ lies on an edge. 
Now suppose that A does not have distinct coordinates: say 


A = (A,(k, times),..., Ag (k,_ times) ) 
(A; >A, >... >A,,)- It is not difficult to show that, if QA = SA for Q 
a permutation matrix, then there is a permutation matrix P such that 


P’'Q'SP = 2-5 (S,€ Q,; j = 1,..., m). (24) 


The relation (24) has as a corollary the fact that the number of distinct 
coordinates of an eigenvector corresponding to the eigenvalue | of a d.s. 
matrix S is at least the algebraic multiplicity of 1. This can also be 
derived from a result of A. Brauer (3). 

There are several questions that arise concerning the set H(A). Suppose 
that A is a complex n-vector, A = u+iw. If the uw; and w, are distinct, 
can Theorem 2 be extended, i.e. is it true that, if t € @H,,(A), then 

t= (S,+8,)QA, 
where P and Q are permutation matrices, @H,(A) being the topological 
boundary of H,,(A)? 

Again assume A real with distinc. coordinates. Under what conditions 
do the points P,A,..., P,,,,4 span an m-simplex, where the P; are distinct 
permutation matrices? This, of course, amounts to examining the rank 


of the matrix whose columns are P, A,..., P,,A. The answer for m < 4 is 
known. 
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